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= — LOGARITHM  . 


Consider the relation а" = N. Imagine that we are asked to find one of the three numbers a, 
x or N given the ather two numbers. Three examples af this are shown below. 


2% = р a2 raise 3 to (ће Sth power 
=й 3 take the 3rd root of 27 
3 = 5 1 ? 


We can see that we cannot solve the last example with the algebra we have studied so far. We 
need to introduce a new concept: a logarithm. 


A. BASIC CONCEPT 


EXAMPLE | 


Solution 


The logarithm of a number N to a base a is the power to which a must be raised in order to 
obtain №, We write this as log, N. In other words, 


(aet aN whee a= N and = gN. 
This equation is called the fundamental identity of logarithms. In this equation, the base of 
the logarithm (и) is always positive and different from 1, and the number whose logarithm is 
taken (N) is positive. In other words, negative numbers and zero do not have logarithms. 
Fora >Q,a21 and x >й, the real number y which ls defined hy 
у = log, x oa’ = 


is called the logarithm of x to the base a. In this notation, x is called the argument of the. log 
arithm. 


We say that the equation a! = x is in exponential form and log, x = y is the same equation 
in logarithmic form. 


Write the equalities in logarithmic form, 
149-8 5-1] е ites 


By the definition of a logarithm, a* =x. y = log, x. Therefore, 


a. 2? = В 53 = logy 8. bo = 150 = logs 1. 


na 1 1 
ңы E: —. 
c e -2 = log, - 


EXAMPLE 2 Write the equalities in exponential form. 


a. logy 100=2 b bg, == =-3 c. logy 1 =0 


Solution Again we use the definition log; x = y &x x = a". 


à. 0010 100 = 2 es 100 = 10? b. hg, ders? 
C. logy 1 а 
3 Solve each equation for x. 
à. log, 27 2 3 b. log. = = с. logy 16 — x 
і 
а. №8,27=3 51 227 51-3 b. log a= 54 =х‹әх=? 
Solution 2 
с. kg, I62re 4 21664 24 er? 
dj. Calculate the logarithms, 
a. logo 4 b. og, = c. logy (logs 9) 
Solution a. Let logy =. 
Then logy 4 = у= Y = 45 99 = 2? es y = 5, &n logo = 2. 
b. Similarly, log, SYP oleo) y=- 
Remember: 
g = пек sy с, Let loga 9 = m. Then 3° = 9 6» 3^ = F ex m = 2, ба we need to calculate logy 2. Starting 


br Ше ене property = t= | иа], і =]. 
1 aig with logs 2 = m, we get 2° = 2 which gives us n = 1, Thus, оро (ова 9) = 1 


Calculate the logarithms. 


а. ТЕ b. log, V81 c. log, (ava d. оез (ова овд 81)) 


а. By the definition of a logarithm, we can write log, 37! oe = : eJ-1o6y--l. 


So bg, 2-1. 


Solution 


| | i 
b. log, BT es CD) - (80) e -0) es =t ey 
к 


клр 6 


Solution 


с. log, dada my esa! ўа! NW ea" = (iij ed =a ous. 


Ба log, Jaya = 3 


d, Starting from the innermost logarithm, we have 
lgg8l 2x9 28] e ==, 
эп we have to calculate logy (logy 2), and logy 2 = y &2* = 2 & ү = 1, 
So the given expression becomes logy 1, which is equal to zero: 
logo] 22€ d = 1e = 0), In conclusion, logy(loge(logg 81)) = 0. 


Notice that in these examples we were able to find the desired logarithm by writing the argument 
ав а rational power of the base, This is not always possible, however: many logarithms (for ex- 
ample: logy 3 and log; 5) are irrational, and cannot be caleulated in this way. 


Evaluate the expressions. 
а. «s b. 25%" с, giis? 


а, By the fundamental identity of logarithms, a" = № and so 2*:* will be equal to 8. However, 


let us try ta evaluate the expression in a different way: 
Let logy 8 = t. Then we have to calculate 2'. 
By definition we have log; 8 = 1 = 2! = Е, So 2868 = В. 

b. Let logs 3 = t. Then we have to calculate 25. By definition, log; 3 = 1 = 5 = 3. So 
25 = (Xy = (yr = (3^ =9, Le. 294 = 9, 

с, In a similar way, let logg 2 = t and let us calculate 3*. By definition, logy 2 = ¢ <> 3! = 2, 
le.3* = (SY = 2! = B, So 2"! = В, 


Check Yourself 


1, Write the equalities in logarithmic form. 


l " 
&2':216 b102100 c321 d 125-5 X EaD => 
2, Write the equalities in exponential farm. 
a log 0.01 =-2 1 og --=4 c. юру) 10000 = 4 
П 


ilg, == 4 ё, logy 32 = 5 E log, 125 = 3 
Ls & 


3. State whether each statement is true or false. 


2 1 à 
a. logg 728 = б b. log, 14=-= €. log, ——=-— 
s " 3 "Pig 3 
d. hg. e log, yayaya "i (07 0, a #1) 
4. Determine the logarithms of each set of numbers to the given hase, 
] 1 ü ВР Ee: 1 
ody ——á 40. —=' DE Е РЕ xA! E c to hase — 
2211 p y um обез % 41 g eg 5-4 Т 
5. Solve for x. 
а gp 4-9 h bg х=: c. logs 125 =x 
6, Caleulate the logarithms. 
a. logs 25 b. loge 1296 с ay = d. logg (logs (logy 256)) 
7. Evaluate the expressions. 
РЕ | 
а. 3*5! b, (Ән) p 9540 d. Agr 1 gs diens 
Answers 
1. а. logg 16 = 4 b. logyq 1000 = 3 с. log; 1 =0 
| l L x 1 3 
d. е 5 = 5 g. bg, 557-3 È о. 377. 
2. à. 102 2 0.01 b. (dy - c. 10° = 10000 
2 16 
"ERE 8 PLI: l л = 
d. 3 "$i e 2232 L (2) 125 
3. a. tme b. true e. tue d. false е, true 
127 РЕЗ 
4. а. 3,0,-2,- 4'3'4 b, -1,-3, 0, 1, 2, 5, -5, undefined 
1 3 
0.8.2 b = „т 
j 2 ш 
6. а. 2 һ. 4 б, E d. i 
2 
1 1 1 
7. — ‚ — . = oe 
а 4 В. 25 с TT d 4 е, 75 
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В. TYPES OF LOGARITHM 


1. Common Logarithms 

Ош counting svstem is based on the number 10. For this reason, a lot of logarithmic work 
uses the base 10. Logarithms to the base 10 are called common logarithms. We often write 
log x or to mean log), x. In this module, we will use log x to mean logy x. 


Common logarithms are widely used in computation. Mathematicians have compiled — ex- 
tensive and highly accurate tables of common logarithms for use in these calculations. These 
tables and their use will be discussed later in this module. 


2, Natural Logarithms 

Logarithms to the base e are called natural logarithms or Euler logarithms. We often write 
lng to mean the natural logarithm Іор, х. 

Natural logarithms are widely used in mathematical analysis in the study of limits, derivatives 
and integrals, 


ecce 


es 211928... 


С. PROPERTIES OF LOGARITHMS 


If the argument and the base of a logarithm are equal, the logarithm 16 equal to 1. Conversely, 
if the logarithm is 1 then the argument and the base are equal: 


a=belogb=1 (a>0, 201) b»0 


Proof Ву the fundamental identity of logarithms we have a" = №. Setting N = a gives us 
ave" = п =a', which gives us log, a = 1, 
For example, log; 3 = 1, log 10 = 1. Ine = 1 and log, 5=1 
i 


Property 2 The logarithm of 1 to any base is zero: 


і 


a! = 1 =a". Soa"! — a^, which gives us log, 1 = 0. 
For example, logg 1 = 0, log, 1= 0 and log, 1 = 0, 
Й 
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The logarithm of the product of two or more positive numbers to a given base is equal to the 
sum of the logarithms es numbers to that base: 


(х, у> 0). 


Proof де = ху, Substituings =a" and y = al? gives us 
ДИМИ а qe ML m pl t+ oe 
Comparing the exponents of the expressions on both sides gives us the required equation: 
log g(a : y) = log, x + log, y. 
For example, 
logy 6 = ора (2:3) = logy 2 + logy 3 = 1 + logy 3 
loga 30 = loga(3 - 10) = logg 3 + logy 10 = 1 + logg 10 
logy 30 = boga(6-5) = logg 6 + logy 5 
loga 5 + logy 3 = logy(S- 3) = logs 15. 
Notice that we can generalize this property as follows: 
Sr qe ENDE = logg 14 + озах; DN. TEN wo Xp 0. 


Be carefal! 
logal + ү) = logget log 


pl 


w 79871 


For "— we can write 


logy 30 = logo (2 - 3. 5) = logy 2 + logg 3 + logy 5 = 1 + logy 3 + logg 5. 


7 Calculate log, 2 + log, 8. 


Solution log42 + logy 8  log4(2-8) = logy(4 D = logy 4 + logq4 211 2 2 


Solution log, 34 log, 54 log, 7. = og, (3-5) = log, 1=0 
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The logarithm of the power of a positive number is equal to the product of the power and the 
logarithm of the number. 


Togar") = тол (m eR, x » 0), Be careful! 


(Ing,1)* * m- ku, 1 


Proof х" = 290", After substituting x = a" on the left side, we get (at "у" = шз which gives 
us д "** = gw" Since the bases are the same on both sides, we can conclude 


m logy x = log, (x. 
For example, 


log, 8 = log, (2) 2 3-1og, 223-123 
1 і 
log, ТЕШ log, РЫЗ 0-5 log, 32 -5:12-5 
lg, v5 = lag, уб” = log (54) == og 5. 
Note 
This property gives us the following special cases: 


fa. tog, E 4b. log, Ya" = — log, x: 
I 


9 Write each sum as a single logarithm. 


в. (2-logg a) + (3-loga b) - logs c b. G- lg, a)+(3- HB) ogy c) 


Solution We apply the property lag, (x") = m Іор, x. 
SUUM — и = 
а. (2. юра a) + (3 logy b) - logg с = роба?) + logs (b")  (-1)logae e» 


logg(a") + Тоз) + lagg(c?) = оруш i-e") = og 


| 
b. (log, 0) +(3 og, b)= (5 = og, с)= loga? tag b +Š) logs = 
log, va + log, b^ + log, (3 = log, «a + log, b” + log, p e 
É 
Jab 
„Ма +b =m) = Hog) 
lg. (sa Т? C 
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1 0 Calculate log, NUS do. 


Solution lg, B й-б - og, a 8-163 - lg, {2 he ty 
= vga 2-12 = og fa =, fa el 12" 


af ш ig - 19 
= | LM ш S^ m. m — 
log, V2 = lag, (2?!) 24 log, 2 m 


Property 5 The logarithm of the quotient of two positive numbers is equal to the difference between the 
logarithms of the dividend and the divisor to the same hase: 


log, ©) = lg, x= log, 7 


kn, a 
a i (F we substitute т = a" and y = a" an the left side, 


Proof Y 

kn? — aet) ; eit) x 

т таа" ач ад `+ c log (=)= log, z- log, y 
ü y 


For example, 
log, = = log, 5- log, 3 
log, (012) = log, 7) log (=) = log, 3- log (5")= lg, 3- 2 
log; 10 + logs 4 —logs à = logy (10 - 4) - logs 5 = lugo 40 — logs i= lg, == log, B = 3. 


Notice that we can combine properties 3 and 5 to write expressions with addition and sub- 
traction ef logarithms as the logarithm of a single fraction, The addends form the numerator of 
the fraction and the subtrahends form the denominator, for example: 


b-c-e 


log, h + log, c - log, d + log, e- logg f = FI 


Ав а numerical example, consider 


logg 15- logg 5 + logg 6 -logg 2 = log, (7) = logg = 4339 = 2 


Remember that this property only applies to logarithms with a common base. 
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1 1 Express log 30 and log 3.3 in terms of p given log 3 = р. 


Solution Since 30 = 3- 10, we get log 30 = log(3- 10) = log 34+ log I0 = р+1, 
adem 


Since 13-7, wa have log Miele = log 10 log 32 1- p. 


12 Given log 300 = 9.47712, calculate log(0.0027). 
loz(0.0027) = юй) = log 27 - log 10* = log 3' - 4 -log 10 
= (3-1og 3) -4 (1) 
log 300 = log(3 - 100) = Ing 3 + log 10° = lag 3 + 2 -log 10 = 2 + log 3. So log3 = log 300 - 2. 
Using log 300 = 247712, we get log 3 = 247712- 2 = 0.47712. (2) 
Combining (1) and (2) gives us logi 0.0027) = (3 - 0.47712) - 4 = - 2.56864. 


Solution 


log 10 = Ing y 10 = 1 


Write each logarithm + diffe of logarithms to base à. 
| EXAMPLE | 13 logarithm as a sum or diference of logarithms to ü 


bc Vb cy 


a юр, FT b. log, (doy 


2, log 5) = logy b? + logg c* - logy d' - log; = 3 logy b + 2 logy c -4 logg 4-5 logy 
Solution dle Р 


b. We have Ing, mo. log, da cy - log, (d -e = ое сў -3log (d - e) 
== ъс) - 3log, (0-е) 


Notice that logarithms cannot be distributed over addition or subtraction, and also that log- 
arithms enable us to perform simpler operations (addition and subtraction) instead of multi- 
plication and division. This is why logarithms are so useful in computation. 
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А. Вавїс Сопсерї 


1. Calculate the logarithms. 

a. gy = b. м2 c. Ine 

d bgl е. 100,99 Ё әс 

& log] h. log(ine) 1 Ine 

j юле) k Inflog 10) 1. Inflog 10) 
2, Solve each equation for x. 

& Fa b. 9+1=3 633-29 

d Хе =4 — e&lk-5 £ 1097-2 
3, Simplify the expressions, 

а. е" b 1097 е o4! 

d, 57e! e ge Е (gy 


g, г? 34 ү" Me ju [m 13 


h. -log (log, 43) i, 016)" 
25 


B. Types of Logarithm 


4. Calculate the logarithms, using log 2 = 0.30103 
and log 3 = 04771. 


а. log 18 b. log30 е log = 
5. Find the number of digits in each number if 
log 2 = 0.30103 and log 3 = 0.4771. 
L bo" Etr 4415" 
C. Properties of Logarithms 


&. Write each expression as а single logarithm. 


а. “log-log y+ log 2” 
1 


b. E: 


1 1 
log х -log y ор. 
орх 5102 3 502 
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7. Write each expression as the sum or difference of 
the logarithms of a, b and c. 


а. logía'b*c) b. юр а/с) 
8. Evaluate the expressions, 

à. 108044 + logy, 6 

5. log + low 25 + log 5 


e loa + log, 625 + log, , 81 + ogy = 
d. logy 1000 - logy 125 
9. Calculate each logarithm in terms of the variable(s) 
provided, using the given relation (s). 
а. logy 3; log, 2=a b. log 25; log 2 =a 
с. log; 21; log 7 =p d. logy 18; log; 12 =e 
оов. logy 60; logg 30 = a and logys 24 = b 


10. log, y = a is given. Express each logarithm in 
terms of a. 


a. log... xy b. log, 2 ху 
11. Simplify the expressions. 
1 
а. (log, 625-1, H+ (logs oe LOE 1024) 


b. log; b^ log; c' log d^ -log, a 
12. Find x in each case. 
a. logo 1 = 3- (2 + logy 3) + (3 -loga 5) 
р. log, x 2 2+ (3-10g,5) - (2 log, 4) 
13. Prove each equality, 
a. log, z, log, x,-.-lng, x, 71 


1 i 


14. Show that ifa* + b* = Tab (a, b> U then 


бо 
log n. - (og a+ log b) 
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Chapter 2 
SEQUENCE 


INTRODUCTION 


Er =й he == алш. Cp = Amm. nasi ш Е c 


Г 
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| each term in a geometric (or arithmetic) 


An interesting unsolved problem in mathematics concerns the ‘hailstone sequence’, which is defined as 
follows: Start with any positive integer. If that number is odd, then multiply it by three and add one. If it is 
even, divide it by two. Then repeat. For example, starting with the number 10 we get the hailstone sequence 
10, 5, 16. 8, 4, 2. 1, 4, 2, 1... . Some mathematicians have conjecturer! (guessed) that по matter what 
number you start with, vou will always reach 1. This conjecture has been found true for all starting values up 
to 1200. 000,000,000. However, the conjecture, which is known as the 'Collatz Problem’, 3n 1 Problem’, or 
"Syracuse Algorithm’, still has not heen proved true for all numbers. 


Number sequences have been an interesting area 
for all mathematicians throughout history. 
Geometric sequences appear on Babylonian 
tablets dating back to 2100 BC. Arithmetic 
sequences were first found in the Ahmes Papyrus 
which is dated at 1550 BC. The reason behind 
the names ‘arithmetic’ and ‘geometric’ is that 


sequence Is the geometric (or arithmetic) mean of its successor and predecessor. If we think of a rectangle 
with side lengths x and y, then the geometric mean Jy is the side length of a square that has the same area 
as this rectangle. Finding the dimensions of a square with the same area as a given rectangle was considered 
in those days as а very geometric problem, Although the arithmetic mean (x + 32 can also be interpreted 
geometrically (it 1s the length of the sides of a square having the same perimeter as the rectangle), lengths 


were viewed more as arithmetic, because it is easier to handle lengths by addition and subtraction, without 


| having to think about two-dimensional concepts such as area. Although both problems involve arithmetic and 


can be interpreted geometricalls in ancient times one was viewed as much more geometric than the other, 


therefore the names. 


Zeno (490-425 B.C.) was a mathematician whose paradoxes about 
motion puzzled mathematicians for centuries. They involved the sum of 
an infinite number of positive terms to à finite number. Zeno wasn't the 


only ancient mathematician to work on sequences. Several of the 


- ancient Greek mathematicians used sequences to measure areas and 
volumes of shapes and regions. By using his reasoning technique called the ‘method’, Archimedes (287-212 
B.C.) constructed several examples and tried to explain how infinite sums could have finite results. Among 
his many results was that the area under а parabolic arc is always two-thirds the base times the height. 


ru "m 3 P m [o _ 
NEL. ou ^ _ ГЕ. > EP «№ чур” аш” = 
eel p 7 
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The next major contributor to this area of mathematics was Fibonacel (1170-1240). He discovered a 
sequence af integers in which each number is equal to the sum of the preceding two numbers (1, 1, 2, 3, 5, 
B, ... and introduced it asa model af the breeding population of rabbits, This sequence has many remarkable 
properties and continues to find apolications in many areas of modern mathematics and science. During this 
same period, Chinese astronomers developed numerical techniques to analyze their observation data and 


used the idea of finite differences to help analyze trends іп their data. 


Oresme (1325-1392) studied rates of change, such as velocity and acceleration, using sequences. Two hundred 
years later, Stevin (1548-1620) understood the physical and mathematical conceptions of acceleration due 
to gravity using series and sequences. During that time Galileo (1564-1642) applied mathematics to the 
sciences, especially astronomy. Based on his study of Archimedes, Galileo improved our understanding of 
hydrostatics. He developed equations for free-fall motion under gravity and the motion of the planets, Up 
until the middle of the 17th century, mathematicians developed and analyzed series of numbers. 

Newton (1642-1727) and Leibnitz (1646-1716) developed several series representations for functions. 


Maclaurin (1698-1746), Euler (1707-1783), and Fourier (1768-1830) often used infinite series to develop 


( 


|. 


iy 
L 


new methods in mathematics. Sequences and series have became standard tools for approximating functions t Р 


and calculating results in numerical computing. 


[he self-educated Indian mathematician Srinivasa Ramanujan (1887-1920) used sequences and power 


series to develop results in number theory. Ramanujan's work was theoretical and produced many important 


results used by mathematicians in the 20th century 


puse ei eer 


Real — SEQUENCES are sti — — Thes e an ipitin m in our everyday 
lives. For example, the following sequence: 
20, 20.5, 21, 22, 23.4, 23.6, ... 
gives the temperature measured in a city at midday for five consecutive davs. It looks like the 
temperature is rising, but it is not possible to exactly predict the future temperature. 
The sequence: 
64, 32, 16, 8, ... 
is the number of teams which play in each round of a tournament so that at the end of each 
game one team is eliminated and the other qualifies for the next round, Now we can easily 
predict the next numbers: 4, 2, and 1. Since there will be one champion, the sequence will 
end at 1, that is, the sequence has a finite number of terms. Sequences may be finite in 
number ar infinite. 
Look at the following sequence: 
1000, 1100, 1210, ... 
This is the total money owned by an investor ах the end of each successive year. The capital 
increases by 10% every year. You can predict the next number in ihe sequence to be 1331. 
Each successive term here is 11096 of, or 1.1 times, the previous term. 


Real number sequences may follow an 
easily recognizable pattern or they may 
not. Recently a great deal of mathematical 
work has concentrated on deciding 
whether certain number sequences follow 
a pattem (that is, we can predict consecutive 
terms) or whether they are random (that 
is, we cannot predict consecutive terms). 
This work forms the basis of chaos theory. 
speech recognition, weather prediction 
and financial management, which are 
just а few examples of an almost endless 
list. In this book we will consider real 
number sequences which follow a 


Cum t JH а! мүт! ‘ig ihe pattern? patterri. 
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SEQUENCES 


Definition 
e-e-e-e-e If sameone asked you to list the squares of all the natural numbers, you might begin by writing 
Вт the set of natural 1,4, B, 16, 25, 36, ... 


numbers we mean all 

positive integers and | But you would soon realize that it is actually impossible to list all these numbers since there 

ene оше " 4 " hu infinite number of them. However, we can represent this collection of numbers in 
| several different ways. 


e ¢ ¢ LX Y For example, we can also express the above list of numbers by writing 

A functbon is a relation 13, 9: 3, AS HM jdn 

Pd JU, fU, ДЗ), f, Кё), Кё), .... fr] 

B that assigns te. each | where fin) = 9°, Here (1) is the first term, f(25 is the second term, and so on. ffm) = $m isa 
element of set A exactly | 

oneelementefse В. | АШСйОП of «t, defined in the set of natural numbers. 


Sequence 


A function which is defined in the set of natural numbers is called a sequence. 


However, we do not usually use functional notation to describe sequences. Instead, we 
denote the first term by a, the second term by a., and so on. 50 for the above list 


а= 1, = 4.0, = 9,0 = 16,4, = 25,4, = 36,.., a, =... 
Here, а, is the first term, 

a. is the second term, 

a, is the third term, 


ais the nth term, or the general term. 


Since this is just a matter of notation, we can use another letter instead of the letter п. For example, 


we can also use Б, c. di, ete. as the name for the general term of a sequence. 


We denote a sequence by (a,), where a, is written inside brackets. We write the general term 
of a sequence asa, where a, is written without brackets. For the above example, if we write 
the general term, we write a, = т. 

If we want to list the terms, we write (а) = (1, 4, 9, 16, ..., a. ...). 
Sometimes we can also use a shorthand way to write a sequence: 


(а) = (R? 4m + 1) means the sequence (п. with general term a, = 9° + 4n + 1. 
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Solution 


Solution 


<r 3 


Solution 


Note 

An expression like a, is nonsense since we cannot talk about the 2.6th term of a sequence. 
Remember that a sequence is a function which is defined in the set of natural numbers, and 
2.6 is not a natural number. Clearly, expressions like d à , are also meaningless. We say that 
such berms are undefined. 


Note 
In a sequence, т should always be a natural number, but the value of a, may be any real 
number depending on the formula for the general term of the sequence. 


Write the first five terms of the sequence with general term a, = & 
E 


Since we are looking for the first five terms, we just recalculate the general term for 


n = 1, 2, 3, 4, 5, which gives 1, 


{n-i 
П 


Given the sequence with general term a, = . find q.d, ys. 


We just have to recalculate the formula for a, choosing instead of т the numbers 5, -2. and 
3 gda 9 


100. So a, "3 and a, = 300°” 40° Clearly, а. is undefined, since -2 is not а natural 


number. 


Find a suitable general term b, for the sequence whose first four terms are | : 


1 
g' | 
We need to find a pattem. Notice that the numerator of each fraction is equal to the term 


position and the denominator is опе mere than the term position, so we can write b, = e 


n+l 
Check Yourself 
1. Write the first five terms of the sequence whose general term is с, = (-1)". 
2, Find a suitable general term a, for the sequence whose first four terms are 2, 4, 6, B. 
3. Given the sequence with general term b, = Зл + 3, find b., by and by. 
Answers 
l.-1, 1, -1,1,-1. 2, 2л 3. 13, undefined, 89 
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ТТЕ 4 


Solution 


Solution 


Solution 


ШШ 7 


Criteria for the Existence of a Sequence 
If there is at least one natural number which makes the general term of a sequence 
undefined, then there is no such sequence. 


Is a, DX a general term of a sequence? Why? 


п – 


No, because we cannot find а proper value for n = 2, 


ls a, = ЕЕ a general term of a sequence? Why? 
| s 


Nate that the expression vx is only meaningful when x 2 0. So we need a 20 tobe true 
2n 


for any natural number п. If we solve this equation for m, the solution set is (- 2 4], Le. m is 
hetween and 4, inclusive, When we take the natural numbers in this solution set, we get 


(1, 2, 3, 49, which means that only a,, &,, a,, à, are defined. So a, is not the general term of 
а sequenee. 


Is a, = а general term of a sequence? If ves, find a, + a, + t- 
ia 


ae : is not meaningful only when n EL N. Since a, is defined for any natural number, 


H= 
li ts the general term of a sequence, Choosing n = 1,2,3 we get à, = 2, a, = 1,a, = 0.8. 
50g, +0, Ба = 3.8. 


Given b. = 2n + 5, find the term of the sequence (h) which is equal to 


а. 25 b. 17 c. 96 
Solution à 6,=25 Ы hel? с һ=% 
2n T5223 2n +5= 17 te t 52895 
n = 10 n=6 n=d45.5¢H 
1h term 6th term not a Ler 
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СЕ 5 


The sequence in the previous example is called the 
Fibonacci sequence, named after the 13th century Italian 
mathematician Fibonacci, who used it to solve a problem 
about the breeding of rabbits, Fibonacci considered the 
following problem: 

Suppose that rabbits live forever and that every month 
each pair produces a new pair that becomes productive at 
age two months, If we start with one newborn pair, how 
many pairs of rabbits will we have in the rth month? 

Ав a solution, Fibonacci found the following sequence: 

1, 1, 9. 3, 5, 8, 13, 21, 34, 55, 89, 144, 213... 

This sequence also occurs in numerous other aspects of 
the natural world. 


[їн puumüs p mur aT БЕТ ТТТ ТИЙС її її a Filmai 


ш 
We can make a picture showing the Fibonacci numbers if 
unit long next ta each other. Then we draw a square with 


ATG R 


we stant with two small squares whose sides are each one 
side length two units (1 + 1 units) next to both of these. 


We can now draw a new square which touches the square with side one unit and the square with side two unils, 


and therefore has side three units; Then we draw another square touching the two previous squares (side five 


units), and soon. We can continue adding squares around the picture, each new square having a side which is as 


long as the sum of the sides of the two previous square 
circles іп each square, as shown on the nesi page. This 
occurs in nature as the shape of a nautilus. 


s Now we can draw a spiral bv connecting the quarter 
is à spiral (the Fibonacci Spiral). A similar curve to this 


A nautilus has the some shape as the ЁШилїассї spiral 


an 


The ratio of two successive Fibonacci numbers =L la gets closer to the number ——— = 1.618 as the value of n gets 


bigger. This number is а special number in miras und is known as the га ratio. 
The ancient Greeks also considered a line segment divided into two parts such that the ratio of the shorter part of 
length one unit to the longer part is the same as the ratio of the longer part to the whole segment. 


1 r 
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This leads to the equation 2 = 
the golden ratio! : 

| Á rectangle in which the ratio of one side to the other gives the golden ratio is called a golden rectangle. The Golden 
Rectangle is a unique and a very important shape in mathematics. It appears in nature and music, and is also often 
used in art and architecture. The Golden Rectangle is believed to be one of the most pleasing and beautiful shapes 
for the human eve. 


ТЕ whose positive solution is х = . Thus, the segment shown is divided into 
x 


Ге golden ratio is frequently used in architecture -— 
я eques The ratio of the length af your arm to the length 


from the elbow down to the end of your hand is 
approximately equal tu the golden ratio, 


| EXERCISES 1 ————————— 


Sequences 
1. State whether each term is а general term of a 
sequence or not. 


231-70 b с inl 


+2 m-l 
4 13 | 

d. inu t {ү 
n! -1 ы 4 e» m 
gH мая od Eta 
n-2 


2. Find a suitable formula for the general terms of 
ihe sequences whose first few terms are given. 


& 1,35 b -1,3.-5 

c. 0,3,8, 15 à LR um 
J d Ж 

в 2,6, 12, 20, 30 


3. Find the stated terms for the sequence with the 
given general term. 
& n, = 2n +3. find the first three terms and a, 


ba a find the first three terms and a. 
n 


c. a, =i" Ga, find the first three terms and a, 


4. How many terms of the sequence with general 
? term в, = п? -6n - 16 are negative? 


5. How many terms of the sequence with general 
o 


i 231-7 are less than 1, 
" Mn+ 5 


27 


At the beginning of this book we looked at the sequence 1, 4, 8, 16, 25, 3б,.... We 
call the numbers in this sequence square numbers, We can generate the square 
numbers by creating а sequence of mested squares like the one on the right. 
Starting from a common vertex, each square has sides one unit longer than the 
previous square, When we count the number of points in each successive 
square, we get the sequence of square numbers 

(first square = 1 point, second square = 4 points, third square = 9 points, ete.) 


Polygonal numbers are numbers which form sequences like the one above for different polygons. The Pythagnreans 
named these numbers after the polygons that defined them. 


Square numbers в 


Pentagonal numbers 


1 


Рура! numbers have many interesting relationships between them. For example, the sum of any two consecutive 
triangular numbers is a square number, and eight times any triangular number plus one is always a square number, 


Can you find any more patterns? Can you find the general term for each set of polygonal numbers? 


ARITHMETIC SEQUENCES | 


1. Definition 

Let's look at the sequence 6, 10, 14, 18, ... 

Obviously the difference between each term is equal to 
4 and the sequence can be written as d,,, = a, + 4 
where a, = 6. 

For the sequence 23, 21, 18, ... the formula will be 
d,,,20,-2 where a, = 23. | 


In these examples, the difference between consecutive 
terms in each sequence is the same. We call sequences 
with this special property arithmetic sequences. 


ES 8 


Solution 


Solution 4. 


arithmetic БЕТЕ 
[я кик ir, has the sme Пее nee d Between ils шик ane Letts. tela ЇЇ ia rallil 


all arithmetic sequence 


Ir uber wens, dat Barthel ed go. =a, + d such that we Ald e FE We call id the 


COMTI difference al lu: rubrics: SUT А, lu il l^ EIS [rarr mw оп Wh СР il Ts" 


i, pur dente general cerm od an arithiniere sapene and a ihe First letter ef the Latin vend 
жеста ед, meng dallerences fur che commu dillerzrice 

|f d is positive, we say che аглите sequence is increasing Its is negative. we say the 
arithmetic sequence ia decreasing. vraat can voc say when d is zer 


Sure wheke the Follessirra sec uenees ame ithe dis ur rir. [F à sequence is тинган, Bn 
Ihe tönnin éilference 


а. i. là, 13, JÄ. b. 3 -3,-7, -12 с. 01.3.5, Jb, .. d. бб 6.6, 


а. дип! = 3 b. anmdumene,sd = -5 C n ari hmeur d. arulimeus. d = 0 


баде и aet iet use sequences with the doller ее а ceres ate алое: o quat. Hc a 


дийип. Fraud the coringa derent- 


| iy t +a- 
a n, = 43 - i b ug 27 C d, 24-5 d. y, = ————— 
i 
+4 
4,7 dE са 57 ge = 1. с dillegjnse герс cath epttseccn АДЕ: 
ao. 78, — Ан Dieu = 3) - ahieh is constant Theredore. 2, is an arithrielic 


seqeniee tid d = 4. 


и, =7 so the difference beraeen each consecutive геги is e, -2, 2 27 - 2" = 34 


| = 
which zs nac constant Theredore. (їл js nol an aritlietiz sey EELE. 


MEIL D*an = Vis ce ch eter: һине р факп шип крл terris js 


a, = афс ird e mm иісі ае not constant. 


Therefore, ia 0 is nuc an To eta ЕГ 
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{п+4)( +1) 
"4 
talking about а sequence), we have à, = 2 + 1. Therefore, а, = (n + 1) + 1, and the 


difference between the consecutive terms is a,- a, = 1, which is constant. Therefore, 


d. Br rewriting the general term we have a, = . Since л è -4 (since we are 


(a,) ів an arithmetic sequence and d = 1. 


With the help of the above example we can notice that if the formula for general term of a 
sequence gives us a linear function, then it is arithmetic. 


Note 
The general term of an arithmetic sequence is linear. 


2, General Term 

Since arithmetic sequences have many applications, it is 

much better to express the general term directly, instead of 

recursively, The formula is derived as follows: 

If (a,) is arithmetic, then we only know that a,,, =a, + d. Let us write a few terms. 
a, m d, 

a,=a,+d 

a,=a,+d=(0,+0)+d=a, + 2d 

a,=a,+d = (a, + 2d) 4 d c a, + 3d 

a, =a, + 4d 


a, =a, + (n - Dd 
This is the general term of an arithmetic sequence. 


ТЕ! PEN ate 
Arithmetic growth ia рат 
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кла 10 


Solution 


Solution 


кшз 12 


Solution 


Solution 


GENERAL TERM FORMULA 


JE 9 7M Pe н Sy e IQ T LR, PE Р; x Г 
rime Gen ЕТЕ FP. 5 PRETI rnr ГІ: 
IAEA j ME 1 TELA | | 


~4, 2, Т are the first three terms of an arithmetic sequence («,). Find the twentieth term. 


We know that a, = -3and d 2 4,— à, = 0, - d, = 5, Using the general term formula, 
a, =a, + (t - Dd 
d, = -3 + (20 -1)-5 = 92. 


(a,) is an arithmetic sequence with a, = 4, а, = 25. Find the common difference and tn 


Using the general term formula, 
а, =a, + n- Ld 
a, =a, + Td 
25 = 4 + 7d. So we have d = 3. 
йы = 9, + (I01 - Dd 24 100-3 = 304 


(a, is an arithmetic sequence with a, = 3 and common difference 4. Is 59 a term of this 
sequence? 
For 58 to be a term of the arithmetic sequence, it must satisfy the general term formula such 
that a is a natural number. 

a, =a, + (n - 1)d 

09 = 3 + (0-1) :4 

59 = 4n - 1 

& = 15 
Since 15 is a natural number, 59 is the 15th term of this sequence. 


Find the number of terms in the arithmetic sequence 1, 4, 7, .... 91. 


Here we have a finite sequence. Using the general term formula, 
a, =a,+i(n- 1 
0121-4 (n-1)-3 
® = 21 

Therefore, this sequence has 31 termes. 
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В. SUM OF THE TERMS OF AN ARITHMETIC SEQUENCE 
1. Sum of the First n Terms 


Let us consider an arithmetic sequence whose first few terms are 3, 7, 11, 15, 18. 

The sum of the first term of this sequence is obviously 3. The sum of the first two terms is 
10, the sum of the first three terms is 21, and se on. To write this in а more formal way, let 
us use 8. to denote the sum ofthe first n terms, ie, 5, = a, + a, +. + п. Now we can 


write: 
=й 
$2347-10 
б 2347411221 
523-7411 15236 
§,= 3474 114154 19 = 55. 


14 Given the arithmetic sequence with general term o, = Зи + 1, find the sum of first three terms. 
Solution 5, =a +a +a =14+7 +10 = 0]. 


How could we find б „їп the above example? Calculating terms and finding their sums takes 
time and effort for large sums. Since arithmetic sequences are of special interest and 
importance, we need a more efficient way of calculating the sums of arithmetic sequences. 
The following theorem meets our needs: 
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The sum of the of first terms of an arithmetic sequence (a,) is S, zo п. 


Proof 5. =бп ++. +й,_ tu, or 
5. =a а, +... + ta, 
Adding these equations side by side, 
28, (a ta Ft а, tla, + a) t Ca, + a) 
28 =(a,+0,)4+(a,+d+a,-d)+..4(a,-d+a,44(a,4 a) 
25, =(a, *0,)H (0 -d,) (4 0,) 9 (0,4 0) 
25, "(n tu jen 


Hti 
ee 
To 


15 Given an arithmetic sequence with t, = 2 and a, = 17, find $, 


Solution Using the sum formula, 


sA 6=(2417) 3=57, 


16 Given an arithmetic sequence with a, = -14 and d= 5, find Sy 


Solution Using the sum formula, 
5, d requires q; = п, + 26d = -14 + 26-5 = 116. 


Therefore, $, € = 1377. 
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17 Given an arithmetic sequence with a, = 56 and a,, = -14, find Syy 


Solution Using the sum formula, 
- Um -15, so we need to find а „ Let us calculate using а: 
а = a,+ 10d 
-14 = 56 + 10d, sa d = -7 and 
а. = + Idd = 56 + 14- (-7) = -43. 

96-42 


Therefore, $. = -15 = 105. 


18 1-5 + ... + 49 = 616is the sum of the terms of a finite arithmetic sequence, how many 
terms аге there in the sequence? 


Solution Let us convert the problem into algebraic language: 
d, 7 — a, = 49, and 5, = 616, and we need to find p. 
Using the sum formula, 


+ -5 | 
=n that is, 616 = 2I -B so p = 28. 80 28 numbers were added. 


Since a, =a, + (a — lid, we can also rewrite the sum formula as follows: 


Check Yourself 

1. Given an arithmetic sequence with d, = 4 and dp = 15, find Sj, 
2. Given an arithmetic sequence with a = 26 and d = 3, find ©, 
3. Given an arithmetic sequence with a, = 9 and 5, = 121, find d. 
4 Find the sum of all the multiples of 3 between 20 and 50. 
Answers 


195 2.494 3 1.75 4.345 
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EXERCISES 2 


A. Arithmetic Sequences 
1. State whether the following sequences are 
arithmetic or not. 


a a.) = (л) b. (49, 48, 49... с. (а) = Un) 


2. Find the formula for the general term a, of the 
arithmetic sequence with the given common 
difference and first term. 


bigas? Беа =1 
tdeQa-0 d is. nd 


e dz-lLas0 f бата 
pdzbtiazibe-7 


3. Find the common difference and the general 
jerm о, of the arithmetic sequence with the given 
terms. 

& g= ai Ьа 24,2, = 10 

cd md 262 da, =-12,4, = 4 
Bd, m8 d. B Ё а= B dg, =-34 
Е 

0. = 20-10, 7 X 2y 


4. Find the general term of the arithmetic sequence 
using the given data. 
а a,,=a,+ 7, d, = -2 


b a,=41,d=4 


5. Fill in the blanks to form an arithmetic sequence. 


а. — —o' ы 3, p Ce eee 32. 
&13 , 424 ,45 
E 
ipen emi 
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б. In an arithmetic sequence the first term is -1 and 
the common difference is 3. Is 27 a term of this 
sequence? 


T. Given that the following sequences are arithmetic, 
find the missing value. 


a. da йы y b ER Rub 


B. Sum of the Terms of an Arithmetic 
Sequence 


8. For each arithmetic sequence (m,) find the 

missing value. 

2 a, =-5, a, = 18, 5,2? 

b. a, =-3, a = 27, 8,77? 

é t=T S =й d=? 

* 5 у 

ü ni^. &, = ПТ a =? 

& d, = 2, П = 4, -2, Su! 
1 
2 
Ё бм = 10000, fics = 199, й = ? 


E =з, б=т, S =170, p=? 


h. а 2 50-10, 5. =? 

L an= 8, = 20, 5, = 250, p=? 
j 5,738410, à, 25, &,, =? 

k 4,73, 4,-2, =-6, 8,2 7 

| 4,21, 5,-5,2 238, a, =? 
md-3 $,-$,230B, a, =? 


AGIC ^ QUARES 


A magic square is an arrangement of natural numbers in а square matrix so that the sum of the 
numbers in each column, row, and diagonal is the same number (the magic number). The 
number of cells on. one side of the square is called the order of the magic square. | 


Here is one of the earliest known magic sqtiares: 


Ir is a third order magie square cor 
row, column, arid diagonal 
square was possibly eon 


oy B. Notice that the numbers in each 
in urlthmetic sequence. This magic 


Below is another magic square, this time of order four. Note that its elements are from the finite arithmetic 
sequence 7. 10, 13, 16, .... 5% and the magic number is 118. 


Ба 13 10 43 
ЕЛЕЕ: 


—— a —À 


31 22/25 40. 


16 49 46 7 


„е E T T. Hd Е {у с? " A е + ks. Ez к Ee * THE 

я. ы? а H DTE E REL ial Con 1 u ig e T 
What kind of relation exists between the sequence and the magie number? Given any finite arithmetic sequence 
of 1^ terms bs it always possible to construct a magic square? If the numbers do not form an arithmetic sequence, 
is it possible to construct a magic square? 


Try constructing your own magic square of order three using the numbers 4,8,12, ..,,36. 


There але many unsolved puzzles ee a кл. ON 
year 2000, was one of them. Accordir | See: 


the emperor Sung 


The special m ш Hi neti sequence with 
common difference ch е: Magic square with all 


numbers when | was 
if it was completed. 


m.m mmm mmm 2222 юш шшш ашшшшш 
f ГЕ Е СЕ ш ш шш ш ш за 


- | E L. 
uA йш. ш шош ш йш шю Юй ш 


А. GEOMETRIC SEQUENCES 


Definition 


Emm 19 


Solution 


1. Definition 

In the previous section, we learned about 
arithmetic sequences, bc. sequences whose 
consecutive terms have a common difference. 
In this chapter we will look at another type of 
sequence, called a geometric sequence 
Geometric sequences play an Important role in 
mathematics. 

A sequence is called geometric if the ratio between each consecutive term is common, For 
example. look at the sequence 3, 6, 12, 24, 48, ... 

Obviously the rate of each term to the previous term is equal to 2, so we can formulize the 
sequence as №, =.» 2. The consecutive terms of the sequence have a common ratio (23, 
so this sequence is geometric. 


Far the sequence 625, 125, 25, 5, 1, ... the formula will be b,a =b, i The common ratio 


in this sequence is : 


lf a sequence (b,) has the same ratio g between its consecutive terms, then it is called a 
In other words, (b.) is geometric i£ b., = b, - q such that s e N, ge R 4 is called the 
commen ratio of the sequence. In this book, from now on we will use b, to denote the 
general term of a geometric sequence, and q to denote the common ratio. 


lf > 1, the geometric sequence is Increasing when b, > O and decreasing when b, « 0, 
[0 <q < I, geometric sequence is increasing when b, < 0 and decreasing when №, > 0. 
If q « 0, then the sequence is not monotone. 

What can vou say if 4 = 1? What about g = 0? 


State whether the following sequences are geometric or not. If a sequence is geometric, find 
the common ratio. 


а. 1,2,4, 8... b 4833.0 GEG 4 Bob 


a, geometric,g — 2. b. geometric, g = 1 c. not geumetric d. geometric, qe — 
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| EXAMPLE | 20 State whether the sequences with the given general terms are geometric or nat. [fa sequence 


Solution 


is geometric, find the common ratio. 
a bz3 b b =п'+3 c bm 3.27" d bz3: +5 


= 3"! so the ratio between each consecutive term is bar === 3, which is 


а. bh 


constant. $o (b,) is a geometric sequence and q = 3. 


b. ba = (n * IY + 3, so the ratio between each consecutive term i 


h (п+1З+3 _л°+2п+4 | 
E жылый ЫНА Чы АЙЫ ыл АЫ А А = 5 
a E E = ҮЗ (which i not constant. So (b) is not a geometric sequence. 
= aad 
C ha =3-2") so the ratio between each consecutive term is а —— = 2, which is 


constant. So (b) is a geometric sequence and g = 3. 
d. Since the general term has a linear form, ilis is an arithmetic sequence. It is net geometric. 


With the help of the above example we can see that if the formula for the general term of a 
sequence gives us an exponential function with a linear exponent (a function with only one 
exponent Variable), then it is geometric. 


Note 
The general term of a geometric sequence is exponential. 


1 3 4 а ш 


Cemtric preset ГЕ r {кт 


2. General Term 

We have seen that for a geometric sequence, b = b, +q- This formula is defined recursively. 
If we want to make faster calculations, we need to express the general term of a geometric 
sequence more directly. The formula is derived as follows: 


If (р іх geometric, then we only know that b, = b. «g. Let us write a few terms. 
b, zh, 

b= hq 

= boa 

bh =h -q = Ch, TTL b, чр 

b = bg” 


b, = b, * g™ 
This is the general term of a geometric sequence. 
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E 21 


Solution 


I 22 


Solution 


E 23 


Solution 


E 24 


Solution 


GENERAL TERM FORMULA 


If 100, 50, 25 are the first three terms of a geometric sequence (b, ), find the sixth term. 


== 


We can calculate the common ratio as qantas, so b, = 100, =F 
ri I 


Lyre 


1 258 
2 в" 


Using the general term formula, b, =4,-q""', so b; =100-( 
(b,) is a geometric sequence with b, = 3 q23. Find b, 


Using the general term formula, 
b, =b +q". Therefore, b, == 3"'=8, 


(р.у ds à geometric sequence with b, = =15, а= 3 Find the 
general term. 


Using the general term formula, b, = b,- q^. 


Therefi b T 15 1 ый 1Б | і Г і P. 75 1 Vire тп фаш тїшї [ds Пага а гаці 
ure, Dp. —— |: | =з is] G | E (5 | (ia geunaetrir верши 


Consider the geometric sequence (b, with b= and g-23. 15 243 а term of this 
sequence? 


Using the general term formula, 
b, =b g and sob, sza, 


Now з= eL. andso 3"°=3" Therefore, n= 8. 


Since 8 is a natural number, 243 is the eighth term of this sequence. 
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| EXAMPLE | 25 In a monotone geometric sequence b, : b. = 12, a= 3. Find b,. 
4 


Solution 


A cn that is A^ = 3, Баа des 


4 b, T | 43 


Since the sequence is monotone, we take q — Li 


V3 


b, - b; = 12, that is b, + b; · q' = 12. 
b s 


J3 


Why? Would the answer change if the sequence was not monotone? Why? 


b? -—=12, that is b, = 6/3. So b, = b, - q = 6V3 - 6. 


Ole 


Check Yourself 


l жа ; 
1. Is the sequence with general term b, = qt * a geometric sequence? Why? 


2. are the first three terms of a geometric sequence (b,). Find the eighth term. 


| оо 


3 3 
16° 8° 
З. (b,) is a non-monotone geometric sequence with b, = T b, =16. Find the common ratio 
of the sequence and b,. 


4, (b,) with is a geometric sequence with b, = -3, q = -2. Is -96 a term of this sequence? 
Answers 


1. yes, because the general term formula is exponential 2.24 3.q = -2;b,=-2 4. по 
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В. SUM OF THE TERMS OF A GEOMETRIC SEQUENCE 


| EXAMPLE 26 


Solution 


1. Sum of the First n Terms 
Let us consider the geometric sequence with Arst few terms 1, 2, 4, 8, 16. 


The sum of the first temm of this sequence is obviously 1. The sum of the first two terms is 
3, the sum of the first three terms is 7, and so on, To write this in a more formal way, let us 
use S, to denote the sum of the fitm terms ie. 5, = b, +b, +... + bu Now, 

Ф, =] 

84714223 

§,=1+244=7 

PL I*244-4-8215 

§,=1+244+8+ 16=441. 


Given the geometric sequence with general termh = 3 — (-ZV', find the sum of first three 
teris. 


S, =b, ++ 7-64 12-24 =-18 


How could we find Ss in the previous example? Caleulating terms and finding their sums 
Lakes time and effort for large sums. As geometric sequences grow very fast, we need а more 
efficient wav of calculating these sums. The following theorem meets our needs: 
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The sum of the first n terms of a geometric sequence (b his § =h, - „FEl. 
ri 


Proof 6 =h th rb 4.5, b, 
S = bh, +b, geb sebo eb (1) 
gS =b qth + а ++ 4bq' — (23 
Subtracting (2) fram (15, we get 
5, —9°5, =, - br 


$, Em 
27 Given a geometric sequence with. f a and 43, find S, 
Solution Using the sum formula, 
S = + Vesp m 


ҮЛЕ 28 Given а geometric sequence with S, = 3640 and q = 3; find b. 


Solution Using the sum formula, 


eh tT. on Stier 175. andas B si 
1-4 1-3 
129 — Е СИРИ 
Given а geometric sequence with q = 3' b,=5 and 5, — 1820, find b, 
Solution Using the sum formula, 
ы api -b,, B-b B-55 
gep Eeh Aha LB argo 3. Therefore, b 1215. 
l-4 1-4 1-4 1-q jt 
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EXERCISES - 


A. Geometric Sequences 
l. State whether the following sequences are 


geometric or тих, 


b. (b= (4^) 


25 
TES pee iA 
a (2 3 J 
e (b= n + Т) 


2. Find the general term of the geometric sequence 
with the given qualities. 


ab =35,g=2 b. asagi 

e h 21000, q= d = 4,9 = УЗ 

1 

b = Б, = 2 zd d EA 

URL MELLE. 

E h= b nz "A E 
i b-b-BB8 


3. Fill in the blanks to form à geometric sequence. 


a 3-249, ,34 248 
уни: 4 


4. Find the general term of the geometric sequence 
with b, = h, +24 and h, +h, = 6, 


5. Write the first four terms of Ше non-manoerane 
geometrie sequence that is formed by inserting 
nine terms between —3 and -728. 


6. Given a geometric sequence with 
b, — 4b, and Ь, b, = 1152, find h. 


B. Sum of the Terms of a Geometric 
Sequence 
T. For each geometric sequence (P,) find the missing 
value. 
3 y 
à b=-5,9=-2,8,57 
b. b, = 6, b, = 102, 5, =? 
€ ho 1 b b m 64. h b 8 =? 


B' n 


d 5,— 111,40 24, 5,7? 


B. The general term of à geometric sequence is 
b, = 3.2". Find Sy 


46 


1, Which terms сап be the general term of a 
sequence? 


Lt ILa HL n! 2n +3 
1-2 

М v7-n үз um 

A) L IL LI, IV H) TL T, TV, VI 

C) L, IL. HI, VI D? IL TIL, V, VI 


E) m, IV V VI 


2. Which af the following can be the general term of 
the sequence with the first four terms 3, 5, 7, 8? 
Стан +1 

Em 4-2 


Aj 2n=1 В) 2a 
Mat] 


3. Given a, = 2, and 2,7279 for nz 1, 
2 
find о, . 


A) 27 Н) 25 Cy 22 


4, How many terms of the sequence with general 
n'-9n4 36 
term —————— are natural numbers? 
nu 


AVS Нв СҮ? Dg E) 9 


8. How many terms of the sequence with general 
2m41 Пр $ 
term uer) are less than Y 


А) 0 m1 Cra m3 F4 


Dn 35 E) a4 
3 a 


7. How many of the following sequences. are 


-QU5 @) = @-3y 


Ш. (c) = (- 1) ІХ CEST 


cry 


V. te poe (+ 
icr rr 


DET ES C3 Dj4 Е) $ 


В, What is the minimum value in the sequence 


formed by a, “a 


A)-1 B) -3 C)-3 Dn -7 Е) 8 


B. Which one af the following is the general term af 
an arithmetic sequence? 


Aj n* + 2n Вп 45 Cw 
ya" 3 EE 


10. If 5, a, b, c, à are consecutive terms of an 
arithmetic sequence, find a + b + c. 


| — с — p) 59 g 2 
24 24 16 16 49 


11. (a,) is an arithmetic sequence with а, = 8 and 
а„ = 35, Find a, 


À) —3 Hj-56 — C|—IB pn -29 Fi -28 


12. (a,) is arithmetic sequence with a, = 7 and 
common difference 5, Find the general term. 


a+? n-4 


Aj an +4 B 


13. (a) is an arithmetic sequence such that 
а + а, = 23 and a, + a, = 37. Find a. 


Aj 49 Byar C) 45 Dn 44 E] 43 


14. (а) is a finite arithmetic sequence with first term 
= 
2 
are there in this sequence? 


, last term = and sum 9. How many terms 


Ay By I6 Ст 32 0148 E) 64 


15, x - 2, x + 8, 3x + 2 farm an arithmetic sequence. 
Find x. 


A12 B 1 C10 D 9 Er8 


16. (а) Is an arithmetic sequence with 
5, = 3(08, - S.) and a, = 1. Find the common 
difference. 


[n 13 E) — 
ñ 


SECTION 
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A-Circles in the Coordinate Plane 

Recall that a circle is the set of all points in a plane that are the same 
distance from the center. This definition can be used to find an equation 
of a circle in the coordinate plane. 


Let's start with the circle centered at (0, 0). If (x,y) is a point on the circle, 
then the distance from the center to this point would be the radius, r. x is 
the horizontal distance and y is the vertical distance. This forms a right 
triangle. From the Pythagorean Theorem, the equation of a 

circle centered at the origin is x ^y^ =r. 

The center does not always have to be on (0, 0). If it is not, then we label 
the center (h,k). We would then use the Distance Formula to find the 
length of the radius. 
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If you square both sides of this equation, then you would have the 
standard equation of a circle. The standard equation of a circle with 
center (h,k) and radius г is r-(x-h) -(y-k).. 


B-Finding the Equation of a Circle 


Find the equation of the circle below 


! 1 
— n РИЦ 
г 1 

т В 


pis 


BE 
EHE ҤЕ ЕЕ 


| 11а ЕТТЕ 


Н 
| 
EE 
E 


First locate the center. Draw in the horizontal and vertical diameters to 
see where they intersect. 


From this, we see that the center is (-3, 3). If we count the units from the 
center to the circle on either of these diameters, we find r=6. Plugging 
this into the equation of a circle, we get: 

(x-(-3))*(y-3Y 26^ or (х+3) +(y-3)° -36. 


C- Determining if Points are on a Circle 
Determine if the following points are on (х+1) 2+ (y-5)?-50. 
Plug in the points for x and y in (x*1)? + (y-5)? =50 

a) (8, -3) 

(8+1)2+(-3-5)? = 97+(-8)* = 814145 #50 

(8,-3) is not on the circle. 

b) (-2, -2) 

(-2+1)* +(-2-5)*= (-1)?«(-7)? = 1449 = 50 

(-2, -2) is on the circle 
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Examples 


Find the center and radius of the following circles. 


Example 1 

(x-3) * *(y-1) * 225 

Rewrite the equation as (x-3) * *(y-1) * 25" , 
The center is (3, 1) and r = 5. 


Example 2 

(x*2)^--(y-5)* = 49 

Rewrite the equation as (x-(-2))^ *(y-5)^ »7* . 
The center is (-2, 5) and г = 7. 


Keep in mind that, due to the minus signs in the formula, the coordinates 
of the center have the opposite signs of what they may initially appear 
to be. 


Example 3 

Find the equation of the circle with center (4, -1) and which passes 
through (-1, 2). 

First plug in the center to the standard equation. 

(x-4)* +(y-(-1))° > (x-4)' (yet)* = г 

Now, plug in (-1, 2) for x and y and solve for r. 

(-1-4)**(241)* 2 (-5)*«(3)? э 2549=r? = 34 

Substituting in 34 for r^, the equation is (x-4)? +(y+1)* = 34 


53 


D- Convert a Circle Equation to the Standard 
Form 

When the equation of a circle appears in the standard form, it provides 
you with all you need to know about the circle: its center and radius. With 
these two bits of information, you can sketch the graph of the circle. 

The equation x^ + у? + 6x — 4y — 3 = 0, for example, is the equation of a 
circle. You can change this equation to the standard form by completing 
the square for each of the variables. Just follow these steps: 


1. Change the order of the terms so that the x 's and y's are grouped 
together and the constant appears on the other side of the equal sign. 


2.Leave a space after the groupings for the numbers that you need to 
add: 
х? + Gxt у? – 4у = 3 

3. Complete the square for each variable, adding the number that creates 
perfect square trinomials. 

4. |n the case of the x's, you add 9, and with the y's, you add 4. Don't 
forget to also add 9 and 4 to the right: 
х + бх+9 ку 4у+4=3+9+4 
When it's simplified, you have x^ + 6x +9 + y^ —4y +4 = 16 

5. Factor each perfect square trinomial. The standard form for the 
equation of this circle is: (x + 3)? + (y — 2)? = 16. 
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1-Find the equation of the circle. 
All you need for the equation of a circle is its center (you know it) and its 
radius. The radius of the circle is just the distance from its center to any 
point on the circle. Since the point of tangency is given, that's the point 

Distance... . = (4-1) +(6- 2) 
= 4/3 +4" 

to use. =5 

Now you finish by plugging the center coordinates апа the radius into the 
general circle equation: 

(х-һ| +(y-k) =r 

(x-4) +(y-6) =5 


2-Find the circle’s х— and y-intercepts. 
To find the x-intercepts for any equation, you just plug in О for y and 
solve for x: 


(х4 «(y-6) = 5? 


(x-4J +(0-6) =5 
(x-4) +36 = 25 
(x-4) =-11 
You can't square something and get a negative number, so this equation 
has no solution; therefore, the circle has no x-intercepts. (Of course, 
you can just look at the figure and see that the circle doesn't intersect 
the x-axis, but it's good to know how the math confirms this. 
To find the y-intercepts, plug in О for x and solve for y: 
(0-4) +(y-6) «5 
16+(y-6) =25 
(y-6) =9 
y-6= £9 


у= +3+6 
у= 3 or 9 


Thus, the circle's y-intercepts are (0, 3) and (0, 9). 


55 


EXERCISES ——— 


Find the center and radius of each circle. Then, graph each circle. 


1. (x*5)? *(y-3)? = 16 
2. x? «(y*8)? 24 
3. (x-7)* *(y-10)?- 20 
4. (x*2)? +у*= 8 
Find the equation of the circles below. 


uva TSS SNB 


[LIFT] 


Ы 
n 
L| 
n 
ч 
n 
ы 
ia. 
ш 
E 
га 
P 
LA 
b 
Р 
в 
are 
a 
L4 


H LLL 
je See PA 
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- 
| | i 1 

| pude ++ F 
= == 


9. Determine if the following points are on (x+1)* +(y-6)*= 45. 
a. (2, 0) 
b. (-3, 4) 
с. (-7, 3) 
Find the equation of the circle with the given center and point on the 
circle. 
10. center: (2, 3), point: (-4, -1) 
11. center: (10, 0), point: (5, 2) 
12. center: (-3, 8), point: (7, -2) 
13. center: (5, -6), point: (-9, 4) 


Find the equations of the circles 
14. A(-12,-21),B(2,27) and C(19,10) 
15. A(-2,5),B(5,6) and C(6,-1) 
16. A(-11,-14),B(5,16) and C(12,9) 
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Chapter 4 


CIRCULAR 


FRACTION 


RODUCTION TO TRIGON( 


А. ANGLES AND THE UNIT CIRCLE 


In your previous studies vou have already learned the basie principles of trigonometry on the 
unit circle and in right triangles. Before we begin our study of trigonometry, it will be helpful 
to review these basic concepts and definitions. 


de de ne 
An angle is the union of two rays which have the same initial point. 
[fone of the rays of an angle is called the initial side of the angle and other ray is called the 
terminal side, then the angle is called a directed angle. 


nave ange, pate ange 
Ifa directed angle is measured in a clockwise 
direction from its initial side then the angle is 
a negative angle. If the angle is measured in a 
counterclockwise direction then itisa pos- 
itive angle. In trigonometry we use both 
positive and negative angles. 


negative angle: a = -60° positive angle: а = i 
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We can measure angles using different units of measurement. The most common units are 

degrees and radians. We write * to show a degree measurement: one full circle measures 360. 

We write А to to show a radian measurement: one full circle measures Ir". We can also omit 

the ишаа if it is clear that an angle is in radians: п E: means that the angle à 
| measures — radians. 


We can use a simple formula to convert between degree (D) and radian (И) measures: 


For example, 360° =, 90° = 3 4m = F as 
In trigonometry we often work with angles drawn in the coordinate plane. 


standard position 
An angle in the coordinate plane is in standard position if its vertex is at the origin of the plane 
and its initial side lies along the positive x-axis. 
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coterminal angles 
If two or more angles in standard position have coincident terminal sides then they are called 
coterminal angles. For example, 90° and -270° are coterminal angles, 180° and -150° are also 
coterminal angles. 


primary directed angle 

Let È be an angle which is greater than 360 or less than (F. Then a is called the primary di- 
rected angle of B if a ls coterminal with B and a е |0, 3607). In other words, a is the angle 
between Pand 38r vinh is coterminal with B 


ГЕНИШ unit cire, quadrant 

— | The éircle whose center lies at the origin of the coordinate plane and whose radius is 1 unit 
15 called the unit circle. 

The coordinate axes divide the unit circle into four parts, called quadrants. The quadrants 
are numbered in a counterclockwise direction. 


in degrees: in radians: 


н | andl ин ux 
Lk Wes 
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и | 


We virile m ta sheny that 
| ten angles ат cotenmiral- 
a m means that «cand [i 
| are cotermánal. 


| Be careful! a & fl does not 
mean o = |}. Far example, 
TA ж AF bur ТАГ IF 


quadrantal angles 

The intersection points af the unit circle and the coordinate axes correspond to angles meas- 
ured an the circle. These angles are called quadrantal angles. In other words, 0°, 90°; 180°, 
270°, 260°, апі 0, 5, з. SE 9s, . are quadrantal angles, 


2 29 
In the unit circle, if a «0 9 then a is in the first quadrant, if a є B x} then it is in the 


3 ЖОКЕ, И 2 M ; 
second quadrant, if ae(n, i then it is in the third quadrant and if a «(x 2n) then it 
is in the fourth quadrant. The same applies to the equivalent intervals in degrees. 


If an angle is greater than 360° = 2r or less than ^, we can find its quadrant by first finding 
its primary directed angle. 


In which quadrant does each angle lie? 
a 75 |. 228° с. 3067 d 740° e-Mr f E E E 


a V5" « Uf, so it is im the first quadrant. 

b. 22B^ є (180^, 270°), so it ts in the third quadrant. 

c. 305° e (270°, 360*), so itis in dhe fourth quadrant. 

d. 740° = 20° + (2. 360°) 2 20^ and 20° є (0°, 90"). So 740" is in the first quadrant. 

e —442° = 278 – (2 - 3607) = 278° and 278^ e (270°, 360^). So -442° is in the fourth 
quadrant. 


f Te ко, = ^ and х [0 JE is in the first quadrant. 
3 3 2 4 


4G :) яй c is in the second quadrant. 
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Remember that there is a correspondence be- 
tween the points on the unit circle and the 
real number line. 

Imagine the real number line placed —— ver- 
tically next to the unit circle, so that О on the 
real number line coincides with A(1, 0) on the 
unit circle. Then we can ‘wrap’ the real mum- 
ber line around the top and bottom halves of 
the circle to see the correspondences: in the fig- 
ure, we can see that point D corre- 
sponds to © = 1.571 on the number line, point 
F coresponds to -X, point Bia, b) 
corresponds to 1р and so on. The intercept 
of one radian and the unit cirele corresponds 
ta 1 on the real number line. 


PE 


ач „Bin 


EXAMPLE 9 Find the real number which corresponds to the central angle 60° on the unit circle, using 
xz3.H., 


AE 


Solution From the formula D R we have E so R= soam s. Using x x 3.14 gives us 
180° т Е 180° 3 
Ё = RE = 1.047, This is the required real number. 
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еее C - Check Yourseif 


We sameness LT hk 
адаан бидай Determine the quadrant for each angle 

identify the quadrants: А er a 1975 E 
бай 1175" br (0,915 de &—740 c dE 3 


quadrant | 
сайрат П = second (2. Find the real number which corresponds to each central angle on the unit circle, correct to 
QUIT! | three decimal places. 


quadrant Ш = third 
quadrant 9x lën 
quadrant IV = fourth a25 Lbl135 ctr dl е = 
quadrant. М 


Answers 
Пап b. TV m ГУ ЕТУ £1 g.IV 
2.2.0436 1L 2396 c.-1.386 Gd 1256 е. 16.75 


B. BASIC TRIGONOMETRIC RATIOS 


Look at the triangle opposite. By triangle 
similarity we know that if 8 remains constant 
then the ratios of the side lengihs of the 
triangle remain constant, even if the triangle 
gets bigger or smaller These ratios are called 
trigonometric ratios, and each trigonometric 
ratio has а special name. 


In a right triangle: 


А adjacentside В 
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; pposleside a 

the sine of angle 8 — si jS. c 

е sine of angle 8 = sin -— р 
the cosine of angle 0 = cos pa ОЕ е 
hypotenuse — b 


; oppositeside а 
the tangent of angle 0 = tan 0 = —— — =L, 
е tangent of angle ib p 


ARA 


Some books write trå for | Е 
lan 0, etg d for cot 8 amd. | the cotangent of angle B = cat б = adjacent side E 
emer # for csc B ; 


oppositeside п 


the secant of angle б = sec j. eme - А 
adjacentside € 
hypotemuse р 


the cosecant of angle 8 = esc 0 = EDS 
opposileside a 
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З in the figure, AABC is a right triangle. Given 
that AB = 3, AC = 4 and mi ACH) = т, find 


the six trigonometrie ratios for x. 


Solution Ме сап find BC by using the Pythagorean Theorem: 
9 + BC: = Fand BC = 16-0 = 7, s0 BC = 47. Nowa = 3, b = 4, ande = /7, 80 


РЕС: Td lanx = 3 „Т жый "TERES and daa. 
4 4 "ME 3 A T 3 


"raw: 4 NT ERES 


cols 


Solution Let us draw the right triangle. 
appositeside 2 | 
—— — = =, 80 We сап say thai 
hypotemuse 3 ч 

the side opposite the angle has length 2 and 


siny = 


the hypocenuse is 3. We can find Ше adjacent 


side by using the Pythagorean Theorem: 
@+2= Foc 45. 


Check Yourself 
1. Ina right triangle, tanx =. Find SELE, 
2 сих 
2. In the figure at the right, AABC is a right triangle. Given that A 


AC = 4, BC = Sand m(ZACB) = х, find 21927008. 
{ап + cols 
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С. TRIGONOMETRIC IDENTITIES 


e C e e e The trigonometric ratios are related to each other by equations called trigonometric 
Remember! identities. The properties of a right triangle give us the following identities: 


An idenaity Б an єсїїнї l. іп + tatr = | 
which is true for all 
possible valtics of its 
variabbe|s). 


From this identity we alse get sin^r = 1 — costr and сох = 1 - sinty, 


кш 


„ lanx + ] = ес 


CCEE) — sonic 


| j 4. lanx ent 

am r mearg- str (БШП x ), я COSI 
CIBC [THA [COSA P COS X 1, " cosx 
aec D DIM—— 
sin 


б. апх- ойх е ] 


А | І ] 
From this identity we also get tanz = —— and eot x =——. 
coL x dati x 
7. gecx m 
COR X 
1 
B. сёсх=——. 
REI X 


We can use these identities to simplify trigonometric expressions and verify equations 
Note 


Simplifying an expression generally means changing ratios in tan x, cot x, sec x and cse x to 
ratios in sin x and cos x. We can also factorize an expression to write it mare simply. 


CCT 


; sinx 1 
Solution Let us use the identities tanx = —— and csex = ——. 
| DOSE T: 


SHE в 
: sinx 
siny- coser- —— 
Then the expression becomes i COSI m sin’ x. 
sinx 
So the simplified form is віт, 
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‚рр, BILX T COLX 
| EXAMPLE 6 siii pru 


Solution 


ити? 


Solution 


Let us use the identities tanx = МП»: cote =~, epo i. and dul. Then 
cosy sin СЕТ sin 
sing | cosa sit^ Xx -F COS X 
tanxtCOLE — cose ginr | sinx-cosx . — !  sinx-cosx , 
BEC X-CSC T 1 1 1 sin x-cosx 1 


So the simplified form is |. 
Verify the identity tar*x = sin*r = tanc - simx. 


Let us work on the left-hand side af the equation. 


sin x 


tan" x —sin^ х= каг: -sin x 


x 
1 


= sin! x-(——~-1 take out sin*x) 
“С ) (take out siri^x 


) (equalize the denominators) 


e asm aria (use 1 - cos? x = sin*x) 


- an x-sin х. This is the required result. 


Check Yourself 
l. Simplify each trigonometric expression. 
А. sin x- Сй Ж SBC I h. Ипа созт, sinx e l+sing 
Lan x БЕК 1+ ост 
į ltsmz — cosx , (sinx+ совлу -l 
cosx 1 —sinx (sinx—cosx)" -1 
2. Verify the identities. 
[M то И ck b. E PRU 
l-sinx сох 1- cosx 
Answers 


loanlhlcsnxdüs-l 2 Hint: Work on the lefi-hand side of the equations. 
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О. TRIGONOMETRIC THEOREMS 


1. Basic Theorems 


In any triangle ABC, 
а? = b? + c?-2be- cos A 
b? = а? + с? – 2ас · cos В 
с? = а? + 2 – дар · cos С. 


| Remember! 
| a is the side opposite 
| ZA, b is the side op- 
| posite ZB, etc. 


A 


8 A triangle has side lengths a = 5 cm and b = 4 cm and angle m(ZC) = 60°. Find the length 
of side c. 


Solution Ву the law of cosines, c? = à? + b? -2ab - cos С 
= 5? +4- (2-5-4 -cos 60°) 
= 25 + 16- (2-20. >) = 21. oc = 01. 


If R is the radius of the circumscribed circle 
of a triangle ABC with side lengths a, b and 
c, then 


"E 


circumscribed: 


ES 
B 

WP 
BS МЕГ 


The green circle is 
| the circumscribed 
| ede mut 
| The pink circle 
| is the inscribed 
circle of AABC. 
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© In a triangle ABC, a = 5 cm, m(ZA) = 30° and m(ZC) = 105°. Find the length of side b. 


Solution First let us find m(ZB): 
m(ZB) = 180° - m(ZA) - m(ZC) 
= 180° - 30^ - 105° = 45°. 
Now by the law of sines we have 
ab MES 
sinA sinB sin30°  sin45? 


„вор = 59, ст. 


b 
% 
2 
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Jae of tangerts 
In any triangle ABC with side lengths a, b, c and interior angles A, B, С, 


A+B AtC Bec 
atb _ fant g a+c ви) bc imt. 
a-b A-E a-e , A-C boe . GC 
Lari j 1 an an) 
E. TRIGONOMETRIC FORMULAS 


sometimes we can find the value of a 
trigonometric ratio by writing it as the sum or 
difference of more familiar trigonometric ra- 
tios. The properties of a 30°-60°-90° 
triangle and a 45°-45°-90° triangle give us the 
common ratios in the table at the right. We 
can use these ratios with the following 
Formulas. 


1. Sum and Difference Formulas 
sum and difference formulas 

sin(x + y) = (sin x «cos y) + (cos 1 - sin y) 
віх — y) = (sin x - cos y) — (cos x - sin y) 
cos(x + y) = (cos x - cos y) - (sin x : sin y) 
cos(x - 9) = (cos x cos y) + (sin x sin y) 
tan x (ang 


MELIA any 


tana гапу 


tan(x у) = 
2-0 1+ tan - tan y 
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Note 


We can use the identity cot =— to solve problems involving cot x. Therefore we do mat 
X 


need to remember the sum and difference formulas for cot x explicitly 


10 «s: 
Solution cos 75* = cos(45° + 30°) = (cos 45" - cos 30") - (sin 45° - sin 30") 
45441 4- a 


d — ы к e ИЙ —— ———— 


>а: 22 4 


11 шш 


Solution ал067 = ап 460) = nf +ЫЛбР _1+/3 1448 


l-tni-unG* 1-143 1-45. 


12 Given that sin e and cory ==, find sin {х - y). 


Solution We can draw right triangles to find the other 
Lrigenometric ratios of the angles x and y. 
By the Pythagorean Theorem, we get 
BC = 45 and DF = 4. бо 
sin(x =) = sin х. cost - cos t sin y 


.23 48 4 6-5 
3 


5 35 15 
2. Double-Angle and Half-Angle Formulas 
double-angle formulas 
substituting y = x in the sum and difference formulas gives us — TN 
sin 2y —2.sinx-cosx 
cos 21 = cos"x — sin^r 
= 2 coos — | 
= 1-2sin*x 
Jian ; 
1- tan x 


These are called the double-angle formulas. 


lanx = 
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If we replace x with Š, we get the hal-angle formulas 


: PRE X 
dnx i-a, 0. 


2 
COS = cos" S-an = 2e -1=] -as = 
Stan 
tant = z 
1=tan? = 
i 


13 х=] iege Find on2s 


Solution cos =1-2sin'x=1-2-G)' =1-2= 2. 


14 Given that sinc toms =, find sin 2x. 


Solution Squaring both sides of sinx+cosx = ` gives us 


ain’ x4 (2-sinx-cosx)+cos т = | | 


Use sinir + Сов = Land 2sln x + совд = sin 2x, Then 
h 


: _4 - EL X 
[+ап2г= =, and so sin2x gml 3 


15 п cos ifsinx = 06 


Solution First we draw a right triangle to find cos x, 
using sinx = 0.6 = =. 
2a 


By the Pythagorean Theorem, BC = 4 and so 


Now by the half-angle formula cosx = 008° sh we have 


== 
Gite [свд+1 _ ГАА 
2 2 2 Mo 10° 
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Check Yourself 
1. Calculate each ratio. 
a. sin 15° b. tan 15° с, Cos 105° d. coL 7a" 


3. Given that апке and cot y = find sin [x + 11), cas(x - ү) and cotit — y). 
3. enixa is given. Find sin x and tan x. 

4. Given sinx х=, find cos 2x. 

5. sin 12° = a is given. Find cos 24° in terms of a, 


Answers 
La 48-2 npa 4 „0—6 49 
4 4 


ob 53 n3 . б 415 
2 {a+ = ==, ( Ta = ==, | = = - 3. =—, 1 = —— 
sin(x 4-3) T сох - y) сох - y) T sinx Р х - 


4, vi 5. 1-22" 
4 


3, Reduction Formulas 


The trigonometric reduction formulas help us to ‘reduce’ a trigonometric ratio (o a ratlo of an 
acute angle. If the acute angle is a common angle, this technique helps us to find the ratio. 
For example, imagine you need to find cot 300°, 


| We can say that 300° = 270° + 30°, 
d 
| By the reduction formula for the cotangent, cot 300° = -tan 30° = E) 


To derive the reduction formulas, first we need to know the signs of the trigonometric 
| functions in each quadrant: 
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2. IF we have З ог E in the reduction formula, the formula changes sine to cosine and 
tangent to cotangent. If we have m or 2 in the formula, the function does not change, 


3. Now we can combine these two pieces of information to get the reduction formulas: 


аа-а) =з, ons - x)-sinx, an. - x)-cox | 


mi mm енн uns +) =- сих | 


= а ет anta) cat | 


sin +3) = — СЕХ, cast х) =sin 7, an 42) = -otr | 


 sin(x- x) =віпх, cos(n x)=- cosa, шит- x) = tana | 


sin(z4 x)= – sing, соз(т+ x)= -cosx, tan(x x)= tang | 
ky 


ssin(-x) = -sinx, tos -x) —cosx, tani - x) = -tanx | 


| EXAMPLE | 16 Simplify each expression, given that 0 < x < g 


а. sin х) b. ces (2) e. an +a)  diainitin -x) esin(m-4 x) Lcosi2m +x) 
Solution а. G+ х) is in the second quadrant, so sin(Z4 г) = cosx. 

b. de is in the second quadrant, so cos 5 +x)= -sin x, 

E. Gu x) isin the fourth quadrant, so tan( T ex) СХ, 

d. б> x) is in the fourth quadrant, so aiti X) 7 -ent x. 

е, (t+ x) ls in the third quadrant, so sinin + x) = -sin 7, 

f, (22 + x} isin the first quadrant, so cos(3n + 1) = cos x. 


eos( 90" +2) + sin(270°—x)+ sin(1909 4) 
Eum 17 sity = cos x)—cos(300"_a)+ain(90" x) _ 


Solution Let us simplify each term using the reduction formulas: 

cosi" + x) = -sin x, sin(270" — 1) = -cos x, 

sini 160" — x) = sin x, cos(-x) = cos x, 

cos( 3607 — x) = eos x and sinti + x) = cos x. So 
соз(90%+ х) + віп(270° - д) +віп(180° – х) -sinx-cosr*simr _ -csr 
со(-х)- ens( 360" — х) + sin (00? +2) cosx—cosx+cost — COSX 
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Periodicity and Graphs of the Trigonometric Functions 
When an angle of measure 8 and an angle of measure # + 27у are in standard position, 
their terminal rays comeide, The two angles therefore have the same trigonometric fung- 


tion values: 
cos + 20) = cos B ипе + Jar) = sinf tan(8 + 27) = tan? 
весі + 29) = sect) cigi + 347) = esc cotta + 2т) = core 


Similarly, cos (0 — 2т) = cos 8, smë — 2a) = sin 8, and so on, We describe this re- 
peating behavior by saying that the six basic trigonometric functions are periodic. 


DEFINITION Periodic Function 
A function f(x) ts periodic if there is a positive number p such that 


fix + в) = fix) for every value of x. The smallest such value of p is the period 
of f. 


When we graph trigonometric functions in the coordinate plane, we usually denote the in- 
dependent variable by x instead of 8. See Figure 1.73. 


Dorian: == = т x Га: <2 xem 
Range: -eyel Rampe 1 =т= 
Perkul- — dar Peri]; 2a E 
EY (hi Per: т qu 


AR 


Domains $T, + ЯЕ, sis ee Kk, M. Domalnz x z 0, +m. 29. 
—: Eon ү = — and yz | Ranges —x< ym 
AE iw о" CET ix Рей r 

üt del Г 


FIGURE 1.73 Graphs of the {н} cosine, (b] sine. (c) tangent, (d? secant, (23 cosecant, and (f) cotangent 
functions usmg rada measure. The shading for each trigemtemetne Їшїп indicates is peradicitv. 
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Periods of Trigonometric 
Functions 
Ported! тт | finds + wh = Бит 
міх + т = gow 
Perballe: ainis + дт = mma 
olx + Jar] = coe 
вест + 2m) — aeg 
tele e Za] = eer 


FIGURE 1.74 The reference 
triangle for a general angle 8 


Алс сав see im Figure 1.73, the wngentand cotangent functions have period р = +. 
The other four functions have period 27. Perscdic functions are important because many 
behaviors studied in science are approximately periodic. A theorem from advanced ealcu- 
lus says that every pericdie Function we wart to use an mathematical modeling can be writ- 
ien ав ап algebraic combination of sines and cosines, We show how to de this im Section 
MEE 

The syminetnes im the graphs in Figure 1.73 reveal that the citite and secant. Neie 
tons are even and the ether four functions are odd: 


Even Odd 


gwir = ct anje) = ів т 
с=т] 9 вест апі =) = = ат 
gaei] = —сюшл 
со —к] = -cala 


The coordinates of any point Fir, v án the plane can be expressed in terms of the points 
distance from the ongin amd ihe angle that ray CAP makes with ihe positive sairis (Figure 
Loo. Since Ху = eps B and v/r = sint, we have 


x жа rico t y = rand. 


Wise ro | we cam apply ihe Pythagorean theorem to Ше reference righi tame in 
Figure 1,74 amd obtain the eyiini 


cos 0 + sin di = 1, ti) 


This equation, true for all values of ££, is the most frequently used identity in triganometry. 
Dividing this identity im turn by cos? 8 and sin? 8 gives 


1 tun! m geet A, 


|t cx! б = cee d. 


The lowing Tormulas hold for all angles. and 8 (Exercises 53 and 54) 


old + 8) = ces deas Д — sind sini 
sinl d Ab = sind eos A ЕНИН 


Substeraction Parmele 


ot [4 = H) = eos d eas + sand sun 


smi = E) = sind cos — cos d ып 
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Ais єкї Й, ш ain Н} 


FIGURE 1.75 The square ofthe distance 
been A amd E giews the le el costs, 


There are similar formalas for casi = 81 and simí.4 — 4) [Exercises J5 апі б), 
AT ihe triganeimetric identities needed in this book derive From Equations (1) and (21, Por 
exnmpdlie, substituting # For both А and 8 in re adiliticas ferimukis gives 


Frais Ample Furnes 


со = pos i — un^ d 
sm 28 = 2-sm d cos d 


Additional formulas come from combining the equations 
cost + sin^ = 1, — cost — sin’ 8 = cos 2i. 


We add the two equations in get Igos A = | + cos 2# and subtract the second from the 
first to get 3 ain = | — cos 28. This results in the folkowing identities, which are useful 
in integral саіеі. 


The Law of Cosines 
Ifa, hand care sides of a triangle ASC and ИГЕ d the angle opposite c, thes 


com ш? + b Tubet. 


This equation is called the law of cosines, 

We can see why the law hobis i£ ee pmtrediuce eeorcdinie axes with the amgin ut 6 and 
the positive x-axis adong ome side of the triangle, as im. Figure 1.73. The coordinates of 4 
are (її, d) ihe coordinates o1 5 ane {йй cos g, d sim Y. The square of the distance between A 
and F is therelore 


m 


С = {оссе — bP + irsini 


u 


= aico B + gin’ 8) + A? — 2ай сок 
Ш 
=a" +P  —32 caosB, 


The law of cosines generalizes the Pythagorean theorem, IE = m/2, then cos 8. = 0 
and ch = 9? + M, 
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А. 


1. 


Hi 


Angles and the Unit Circle | С. Trigonometric Identities 


In which quadrant does each angle lie? T. Simplify each trigonometric expression. 
& 275° b. 228° с. 1857 а. cus x tan x-cscx b. а 
a Sec 
Р 285 1251 
Lr е = і —— ]- cosx 14+ свх — sinx 
3 f с. ——- d lm 
]-secr siny —1-cosx 


A (кап х et-a { sec" x - tan" x 
(tanx - cot x) +2 csc x- cat" x 
Find the value of the real number which COT- 
responds to each angle on the unit circle. Give 
your answer to three decimal places. 


a, 45° b. 105° c -N 


" Jr Ox Я. Verify each identity. 
— BÉ —— " 
T 5  !+шх sis 
GECE -CEY 
sin x-1 1 
b — Han coti = —— 
Basic Trigonometric Ratios cos’ x- ) sin” x 


$, Ё RI - b 
enex- ginx C, sin^x + апі + cos-x = sECI 


; | 1 
In i | + =; 
à right triangle, cotx 5 Find ums 


. Ina right triangle, sin x —0.4. Find sin x + cos x. D. Trigonometric Theorems 


9, In the figure. AD = 6, А 
А DC = DE = ВЕ = Запа 
; ; у SIX - COSX. 
In a right triangle, secx = 3. Find USE EC = 5. Find the length 


AB z x. 


In the figure, AABC is à 
right triangle. Given 
that AC = 5, BC = 6, 
m(ZACK) = x and 
m(ZABC) m y, lind 8 ' 


Dir ] 


10. A triangle has side lengths 4 cm, à em and 7 ст. 


(sin x cmh- (Lan gr cot y) Find the radii r and А of the inseribed and 
SECH + ссд | circumscribed circles of this triangle. 
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11. In the figure, АС = 6, 
m(26) = 60° and 
тС) = 45°, Find the 
length AB = x and the ra- 
dius В of the triangle's 


circumscribed circle. 


12. The sides of a triangle ABC are а, b and c. Write 


sinA-sing . 


the ratio — CL —C.— in terms of à and b. 
віп A 4 sin 


13. The sides of a triangle ABC are a, b and c. Find 
mizC) in degrees if c? = п? + f° + адап, 


14. Calculate each ratio. 
a. tan 75° b. sin 105* 
c. cos 15° d. cot 105° 


15. Given that tan = and my, find 


sin (x + y) and cot (x — y). 


16. In the figure, ABC іка 4 
right iriangle. Given | 
that AB = 4, BD = 3 
and DC = 4, find tan x. 


17. tan x = 2 is given, Find sin 2x + cos 2x. 


1B. ятх = i is given, Find sin x, cos x and tan x. 


i 


18. Find sin 2x if sinx +coaz = EH 


20, sin I8 = a is given. Find cos 4° in terms of a. 
21. Find sin 2x if sin = 1. 

a 4 
22. Calculate each ratio by using reduction formulas. 


a. sin210° b. cos 150 
d. cot 3 е, sin 190 


c. tan 225" 


—— LIMIT OF A FUNCTION 
A. LIMIT OF A POLYNOMIAL FUNCTION 


Consider the polynomial function fix) = 2x. We are asked to investigate what happens to the 
value of fx) as x gets closer to 2. We could begin by choosing a value of x which is close to 2, for 
example 1.5. We can ealeulate f[1.5) = 2- 1.5 = 3. Now we choose a value which is closer to 2, 
for example 1.75: 1.73) = 3.5. Continuing like this, we ean make a table of values of х) as x 
gets closer to 2. 


Й Using this table, we can guess that as x gets closer to (Le. approaches) 2, the 
| value of fix) approaches 4. We say that 4 is the limit of fix) = 2x as x ap- 
proaches 2, and write lim(2x) = 4, In this notation, the arrow symbol (=) 


| means ‘approaches’. x — 2 means x approaches the number 2, 
Notice that for f(x) = 2x. lim f (x) = lim2k = 4, which is the same as f(2]. Similarly, we can 
caleulate lim f(x)=lim2x=6= f(3) and. lim f(x)=lim2x=24= f(12), etc. In other 


words, in each case lim f(x) = f(c). In fact, this result is true for any polynomial function. 


Definition limit of а polynomial function 
The limit of a polynomial function f(x) as x approaches а paint c is fic): lim f(x) = f'(c). 


In other words, for fix) = a,x" + a4 ó1x*! +... + ag, lim f(x) = fic) 2 aye as үс! +... 
тау 

For example, let us calculate the limit of f(x) = 2x when x approaches 5: 

lim f(x) = lim2x 22.5210 


1 Catculate the limits. 


a lim(4x- 1) b (з? 3x42) c. бое) 
Solution These are all polynomial functions, so we can use lim f(x) = fic). 
lim(4x-1)2 42-127 = 
lime +3Зх+ у= (17 43-742 21-3420 
3 lim ~f)=3-4-# 212-165 4. 


т B 


ra 
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Check Yourself 
1. Given fix) = 4r - 1, complete the table to find the limit of fix?) as x approaches 3. 
3] 305 | 31 [32 [325 [ 35 


2. Calculate the limit of each polynomial function. 


a. lim5r b. lima(2- x) © қа? -3«-18) 
d. lim2z(x+ 1) е. lim ai^ Qt - 1) Lo dim? 
Answers 
220 h-3 єз а 9л: + 9а e -180 £7 
5 
4 if y 
2 Given the piecewise function f:R В, Ў) =] 2 if x= 2, fin lim f). 
“| 
Qx-1 if £3 


Solution Let us first draw the graph of the function, As 

we ean see, x =; is à crucial point in the graph. 
When we approach 2 from the right-hand side 
(Le. when x is greater than 2) we use Ше 

COCO C funcion ftx) = 21-1 and get limx-1) = 4. 

‚А point at which we need э 

ta check the righi-hand | So we can say that f'appraaches 4 from the right- 

and the Jefi-hand limits 

ul a function is called a} hand side, When we approach x from the left- 

hand side (ie when x is less than `) we use the 

function fix) = 4, which is constant. Its limit is 

4 when х approaches from the left-hand side. As 

5 
a result, f approaches 4 as x approaches с from 
both sides, Le. fim (х) = 4. 


Its 
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| EXAMPLE E) 


Solution 


Cee et 


[As x gets closer to a үи! 


|е, although the limit exists 
‘and approaches а num- 
jet, at the painit e a fume: 
‘tion muy hae а 
(different value, or may 


innt even be defined. 


{What happens. at Ше 


‘given paint is mal 
important for the limit al 
| this paimi- 


ode 


-x-]lif хи? 
Given the piecewise function f: R —R, f(x) - eee find lim foo. 
a r= -# 


Let us draw the graph of ffx). 


x = 2isa crucial point. Notice that (2) = 3 but 
3is nat the limit of f at 2. This is because the limit 
is the value which fa) approaches as x ap- 
proaches 2. And in the graph we can see that the 
limit of fix) when x approaches 2 is -3. 
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?-3 if x<-2 
DST 4 A piecewise function fix) isgivenas ARR, f=! 2 Ҥ x=- 


+5 Е 5-9 
Find lim f(x). i i 


Solution First we draw a graph of the function. Notice that 
x = -2 ів a crucial point, We need to examine what 
happens at the point x = -2 when we approach 
it from the left and from the right. 

When we approach -2 from the right-hand side, 
the function is f(x) = x + Sand limr5 =3, 
во f'appreaches 3. 

On the other hand, when we approach -2 from 
the left-hand side, x is less than -2 and we use 
Дх) = (21-3) а lim(x* -3) = 1. 

We can see that we get different results if we ap- 
proach x = -2 from different sides. For this rea- 
son, we say that at this point the limit does not 


exist. 


Note 
If we get different results for a limit when we approach 1t from the right and from the left, we 
say that the limit does not exist at this point. 
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Check Yourself 

Graph each function and evaluate the given limit. 
І. RR, Л) = 3, lim f(x) 

2. FRR, fix} =-х-2, lim fix) 


r ifx#-2 


à FRIAR f= ‚ Jim f(x) 


ifx=2 
4 ЛА f=) 1 if x=, lim fiz) 
tl if x«l 


L3 2-5 3.4 4. doesnot exis 


B. ONE-SIDED LIMITS 


As we have already seen, sometimes the limit of a function can have two different values: one 
value when x approaches xo from the right, and another when x approaches xg from the left. 
When this happens, we call the limit of f às x approaches хуу from the right the right-hand 
limit of f at xp and write it as Jim f(x). 
We call the limit of fas x approaches xp from the left the left-hand limit of f at xg and write 
itas lim f(x). 

33m, 
For example, consider the function y = fix) 
shown opposite. Let us find the left-hand and 
right-hand limits at the points 2, 5 and 6: 


lim f(x)= З and lim fx)z5 
lim f(x) 7 2 and lim f(x)- 2 
lim f(x) 3 and lim f(x) does not exist, 


E 


f 


since f is not defined for x > 6. 


In other words the left-hand and righi-hand 
limits as x — 2 are different; as x — 5 the 
left- and right-hand limits are the same, and as x — 6 only the left-hand limit exists. 
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existence of ii 


| The limit of а function f(x) at а point xy exists if and only if the right-hand and left-hand 
limits at xg exist and are equal. 


[n other words, 
lim f(x)= L e lim f(x) L and 
ГЕ" тевд 


lim [(х)= L 


The left-hand limit andl) For example, in the figure the function f has a 
ратар d limit at eee x3, hut it has no limit at point ху 
one-sided limits of the) because the left-hand and right-hand limits at x, 


[umctkar, 
are different. 
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х-1 if x> 


2 
ИШЕ Fes | is given. Find lim f(a). 


-х+3 if х<2 


Solution As we can see from the graph, the point x = 2 
is the crucial point af f(x). 
Therefore, let us examine the one-sided Limits at 
this point, 
lim f(x) = lim(x—1)=2-1=1 
Шт f(x)= lim(-x+3)=-2+3=1 
Since lim (x)= lim f(x) = 1, they exist 
and are equal, and so lim f(x) 1. 
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С. LIMITS OF SPECIAL FUNCTIONS 


Шаа 6 


Solution 


We have now learnt the definition and basic concepts of the limit af a function, and studied 
one-sided limits. In this section we will look at the limit of some special functions: the absolute 
value function, the sign function and the floor function. 

We know that at a given point, the limit of a function exists if the right-hand limit and the 
left-hand limit exist and are equal. 


We can evaluate a limit of an absolute value, sign or floor function at a point by treating the 
function as a piecewise function and checking the one-sided limits at the point. If the two 
limits exist and are equal, then we can say that a limit exists at the given point. 


fF. R-12) ^R. fj 243 is given. Find lim f(x) and lim f(x). 

Since the function f'involves the absolute value expression |x- 2], xp = 2 is à crucial point 
for f. 

Let us begin by writing the function аз а piecewise function. 

Што 9, х-92 > бапа во |х| = x - 2. Therefore 

fa) - = s egeat i 24435 I-x432 x44, 


Similarly if x « 3, 
х-2< Qand |x-2| = (x - 2) and so 
ы. 


=-l+xe+3=242, 


+1+3= з eas 3 


x*4 if x>? 
in conclusion, f(x) | 
x*2 if x«2. 
So the limits are 
lim f(x) = lig(x-4)- 241-6 


lim f(x) = lime) 2242 24. 
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|х-1| 
EmO mask 


Solution x— l meansx is less than 1. Therefore, x - 1 < Oso |v - 1| 2 -(x - 1) 2 1 - x, and 
1-r:»05mll- ч X. 
ы 


NUR TR E 


Check Yourself 
Evaluate the limits, | 
1. lim(x* |x +1|) 2 "Exi 1 tim EA 


à, 1222421 
юг x-] 


Answers 
L18 20 3.4 4-1 
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HisTopirAL Esi” 


Limits 


Calculating Limits Using the Limit Laws 


we used graphs and calculators to guess the values of limits. This section 
presents theorems for calculating limits and find limits of polynomials, rational funetions, 
and powers. The fourth and fifth prepare for calculations later in the text, 


The Limit Laws 
The next theorem tells how to calculate limits of functions that are anihmetic combina- 
tions of functions whose limits we already know. 


THEOREM 1 — Limit Laws 
IFL, M, cand © are real numbers and 


lim {= amd — lim giv) = М, then 


1. Sum Rule: Пт + = + M 

The limit of the sum af two fines te sam of their limits. 

1, Difference Rule: lmifix) - т) = — M 

The limit of the difference of two кеин is the difference of their limits. 
З, Product Mule: Im(fix)sgix)) = L:M 

The limit of 2 product of two bidon xdi product of their limits, 
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4. Constant Multnple Rule: limits firj) А 
ror 


The limit of à eonstant times a funerion is the constant tines the hiit of the 
function, 
I 
5. Quotien! Rude lint fiz) = L М ox d 
pec ely) М 
The limit of a quotient of two functions is the quotient of their limits, provided 
the limit af the denominator is mot zero. 


ё. Power Rule: If r and sare integers with no common factor and х * 0, then 
lim firey? = L 
AUTE 

provided that "" is à real number. (If s is even, we assume that £ > 0.) 


The limit of a rational power ofa function is that power of the limit of the funz- 
поп, provided the latter is a real number. 


lt is easy lo convince ourselves that the properties in Theorem 1 are true (although 
these intuitive arguments do not constitute proofs). [fais sufficiently close to e, then fir} 
is those to L and gx) is close to M, from our informal definition of a limit. It is then rea- 
sonable that fix) + gtr) is close to L + M; fix) — els) is close to L- M; forget) is 
close to LM Afi) is close to KL; und that f(x)/gix) is close to LOU if M 15 not zero. We 
prove the Sum Rule in Section 2.3, based on a precise definition of limit. Rules 2—5 are 
proved in Appendix 2, Rule 6 is proved in more advanced texts. 

Here are some examples of haw Theorem | can be used to find limits of polynomial 
and rational functions, 


EXAMPLE 1 sing the Limit Laws 


Lise the observations lim, & = k and lim, x = ¢ and the properties of 
limits te find the following limits. 


(a) limir + 4x — 3) (b) lim ——;——— 
к" тс x EE 5 
Solution 
(а) lim(x! + 4x! — 3) = lim x* + fim 4a? — lim 3 Sane imd Сн езет Huiles 
T we = pm 
-0*x 4-3 {тсайсєт nnd fMustiple Ius 
zt 4 limix* += |) 
(b) lim ——L4—— = L———.— —— eT 
xr o x^4- 5 limir? + 4) 
i—i 
lim x* + lim x^ — lim 1 
= on a Sans ший [14|лплталг (ать 
lim x^ + lim 5 
IU X 
c* + г? = | 
= iL. Pisos cw Pratt Rule 
on 5 
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EXAMPLE 2 Canceling a Common Factor 


Tang 
Evaluate та. Зы. 
ет 


Solutiam We cannot substitute x = 1 hecsuse HH makes the denaminater zeno, We test the 
maumecrator to see if it Too, is gero nt Т = 1, Iris, so it has a factor of (x — 11] in commen 
with the denominator, Canceling the (x — 11's gives a simpler fraction with the same val- 
ues as the original fory + 1; 


Etx- Wo lirt «+2 
=з gel) F 


ь х | 
Using the simpler fraction, we Find the limit od these values zx x е | by substitution: 


Е | — Y7 & | 4 
x +y 2н 2 2.3 


lir i 
ri а Ч rl 


See The Figure ЫЫ 


EXAMPLE 3 Creating and Canceling a Common Factor 


Evaluate р Walt 100 — 1 
ti r 


Soletion We canmót euhstitute .c = D. and the numerator and denominator 
have no obvious common factors, 
We can create a common Rector by тїшїрїї both nomeraber and denominati 
by the expression WaT + MO + HO (obtained by changing the sign after the square ri]. 
The preliminary algebra zatianalizes ihe numerator: 


Vie + ни —10 _ VF + 0-10 VAT + 100 + 10 
Y x Wa? + 100 + M) 
„+ 100 — |00 
[Vet + 100 + 10) 


p f : 
=- _——— i pemn darmow p 
x( vat + 100 + 10) 
c [ш —=—; K " 
- - - ce) Па ж!) 
^x^ + ИШ + 10 
Theretore, 
" = 
lim 6 0 — a _ 
ri x veel Wee + QUOC + L0 
| Limonar 
= nu ыш ж = | 
Woe + duc + Ti ШШЕ 
ET ei 
56 0.05, 
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Limits Imeolving (sin Фу 
^ central fact about (sim Л is ibat in radian measure its limit as @ = (js 1. We can sec 
ihis їп Figure 5 +] and confirm Я algehraically using the Sandwich Theorem 


We Tir SCALE 


МЕША 5-1 The рар of fa) = (aln и. 


Proof The plan rs ter show that the right-hand and left-hand iimis ane boih 1. Then we 
will Know that the two-saded limit ja 1 ag well, 


Te show that the right-hand Limit is I we begin wilh positive values of d less than 7/2 


FIGURE 5 The figure Tor the fot 
$ tme dna (Figure 5-1), Notice that 


Тїш T. ТАГА = rand bur OA = 1, 
ы ТЯ = qan. Aven ADAP “© aren sector DAP ©. wea AGAT. 


EL (21 is where radian megane We can express these areas in terms of as follows: 
ees int The ares al sector ГА? p (972 1 1 i 
only LEB ts enensured in lians. Area АПАР = = base x height = ail sind} = m sin (d 


La 1 p 
Area sector АЁ = зг = S410 = $ {2} 


Area ADAT = j base х height = Huna) = liang. 


Lsng Ia Tuna. 
Thus last inequality goes the same way iP we divide all three terms by the mimber 
(1/2) sin &, which is positive sinee 0 — M С m/?: 


E xm P ! i 
sme cast 


Taking reciprocals reverses the inexpialities: 


ETT. ре 
1 а Cos Й, 
Бай _ 


ü [. 


Since imag eos 0 = | the Sandwich Theorem gives Lm. 
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Recall that sin8 and # are both odd functions. Therefore, f(8) = (sin 8)/0 
is ап even function, with a graph symmetric about the y-axis (see Figure 2.29). 
This symmetry implies that the left-hand limit at 0 exists and has the same value as the 
right-hand limit: 


so limg—on (sin 8)/68 = 1 by Theorem 1. 


EXAMPLE 4 — Using tim 200 = | 
Show that (a) lim 8 —. = 0 and (b) lim LE = т. 


Solution 


(a) Using the half-angle formula cos h = | — 2 sin^(h/2), we calculate 


je EET gs 2 sin’ (h/2) 

h— А [ж [д 
= lim sin € sin ü Lett = 5/2 
= =(1)0) = 0. 


(b) Equation (1) does not apply to the original fraction. We need a 2x in the denominator, 
not a 5x. We produce it by multiplying numerator and denominator by 2/5: 


li sin 2x ‚ (2/5)* sin 2x 
im ——— = lim ——————— 
x ЭХ х0 (235) * 3x 
= 2 " sin 2x Now, Eg. (Lb applies with 
5 iim 2x Й = 1x 
cab eee 
те {11 = 5 
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Limits Involving Trigonometric Functions 
The trigonometric functions have important limit properties: 
lim sinx = 0 
x 
limcosx =1 
х=й 


lim +22 =] 
xn E 


1-cosx 
LENT у 


x r 


lim #23 24 
xc ax 


You can use these properties to evaluate many limit problems involving 
the six basic trigonometric functions. 


TEE 
Example 1: Evaluate lim dnx 3. 


Substituting 0 for x, you find that cos x approaches 1 and sin x ~ 3 
approaches —3; hence, 


- cosx d 
lim &nx- 3 3 


im cotx. 
Example 2: Evaluate « - о" 


Because cot x = cos х/віп x, you find 12. == The numerator 
approaches 1 and the denominator approaches 0 through positive values 
because we are approaching 0 in the first quadrant; hence, the function 


| p lim согх=+ со, ; 
increases without bound and. =e" and the function has a 


vertical asymptote at x = 0. 
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lim sináx 
Example 3: Evaluate :—. х ' 


Multiplying the numerator and the denominator by 4 produces 


= (lim 4) tim 88% 
wand) 4х 


=i] ^— xl 


lim secx = | 


Example 4: Evaluate уз 


Because sec x = 1/cos x, you find that 


i ч 1 x 
zl:ü 
Exercises: 
Evaluate: 
sin*4x 
LE lim xtanzx 
2 lim tandx4a0tanix 
| sinSx 
Е ax 1—с056х 
3. lim[ 7: T sinx ] 


ШЕТ ‚д tanir. 
4. lim [sin2x >= ] 
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FIGURE 5-3 The Tingin ва cosines 
on fi, 4] exceptata — 1, — 2.and 
r = 4 (Example TE 


Сүн Теча 
Етна tha righi eamm Cominiay 


т = Лг) 


FIGURE S А Continuity a points a, В, 
вені. 


Continuity at а Point 
To understand contimuty, we nerd to considera йш like the one in Figure 5 23 whose 
limite we investigated in Example 2 


EXAMPLE 1 — Investigating Continuity 
Find the paints at which the fumctior f im Figure 2.50 is cominuous and ihe points at which 


J is discontinuous, 


Solution The funciien f is continuous at every point bi dis domain [0,4] except m 
“> lw = 2, шых = 4. At these points, there are breaks in the graph. Mate the relation- 
ship between the limit af f and the value of / at each point of the function’s domain. 


Pobnis ad whieh f is ecntinucus: 
Aty =; lim, fu = FOO), 
Abs =, fina fx) = A31. 
q=] 
АШ r4 r* ],2, Em fto) = Me}. 
Рант ad which f is disconmtiouous 
Ata = |, lim fix) ines not exist. 
Abx = 2, m ху = 1ш p # 2). 
pat 
Ata =4, lim Fb but na) 
gi 
Ate m Ше > 4, These points ane mot im the domain of f. 


Ter define continuity id à point in a function s domain, we need i define continuity wt 
an interior polit (Which jovolves a two-sided limit) amd continuity ab an endpoint (tech 
involves a one-sided limit (Figure 5 = 4. 
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FGURES-5 А function 
їй [s conim dt every 
domain point (Exmaple 21. 


FIGURE @-& А funcion 
ШЕ de righr-eantimius, 
heat nor соста, M 
the onpm, Pt has a jump 
сий (aene 
ГЕяппун 3]. 


DEFINITION Continuons at a Point 
tee paint: A Function y = FL pcenis at an interior poini c ol ia 
domain if 


lim fix) = fuel. 


Empo A function y = fixi bs eoniimmoas at a ЮЙ endpoint à ог is 
contimrous at a right endpoint & of its domain if 


lm fix) = Hal ar lim Их} = fibh respectively. 


Ifa function f H met coniinwous ata peint c, we say that f is discontinuous ar c and c 
isa phint af discontinulty af f. Mote that e need mob be an the domain af f. 

A function f is right-continieous (continous (rom the right) ata poi x = cis its 
domain if Тит. = fel = fiel. i ds Teft-continmeus (eontíinuogs fron the left) at c if 
lim». fix) = fel. Thus, a function is continuous at a left endposnt oof its domain if it 
is righl-continucas at д and continues at a right endpoint h of s domain rf it ix lett 
кпш at b, A funcion is coatimiàlis at an iberiar pest cf 18s demain if and only if 
it r& bolh righit-cemtisucnis and Teft-contsmuius at e (Figure 5-4 |, 


EXAMPLE Z A Function Continuous Throughout Its Domain 


The Погын fix] = V4 — d {к eonim at every point ef ir dossain, | 7. 2] (Figure 
8-5 including = —2, hene f r& cight-connmiois, and x = 2, where ff Ie Ве снети. 
и 


EXAMPLE 3 Тһе Unit Step Function Наз а Jump Discontinuity 
The unit step function Ux) graphed in Figure 3- 6, is righboontmnuous alr = 0, but is 
neither left-cortinaces nar cóntiuaus there. Hc has a gumg слане alr = 4, п 


We susimazize contimuity afi point її the form af a text. 


Continuity Test 
A finch f[r) 1s continuous ad х= cd and only if it meets the following three 
тимин нук. 

1. Me) exists {с ties inthe demain of f) 

1. dig... f(x existe (yf has a limir as к жр 


3%. lim. fixi = fiel (the limit equals the funciien vidue) 


Fer one-sided continuity and conimuity at an endporst, the limets im parts 2 and 3 of 
the test should be replaced by the appropriate anessled Bits 
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ТОСЕ S -T The finean y = lih 
dohia ever value of x crea 
л = 0. И ика point of datin at 
т == (tr iExamps 55 


A function is contin on ai interval if атас ато il Ht ts continuous srevery point ed ile 
interval, Por exusaplie, the semierrcle fonction grapliéxi in Figure 525 is continues on the 
interval [=2, 2], which ix sts domam. A eomtimacus fanetion is ane that 1s continuons at 
every point of ite demas. A coningous function need not be continueoizs an every interval, 


For example, y = [fx ts nat contimieus on [—1, E] (Figures = 7), Бий it is continuus over 
its domain (— 0c, 0) ЧА, сс), 


EXAMPLE 4 Identifying Continuous Functions 


(uw) The function y = [у (Figures = 71 Fs a continuus function because E is comtimacus 
at every paint of its domin. ЇЇ has a point of discontimuity gt x. = 0, however, because 
it is not defined then, 

[b] The identity function. ie) = x and constant functions nre continucas everywhere by 
Exumple 3. 


Algchrasc combinations cf contimuimus Functions arc continea wherever they arc 
abe l'ex. 


THEOREM 3 Properties af Cantinaaus Functions 
Ifthe functions f and gare contiguous ata = c; then the following combinations 
are conlipunus abr = г, 


1. Хий + 

3. Dülerencesi Fg 

3. Prodes Iu 

4. Constant meiptes- & f, Tar amy number б 

5. Quotiens: Jig provided gic) + 0 

б. Brewers O°) provided: i is defined on ап apen inbezad 


contuming c, where r and к are integers 


Most OF the resulls in Theorem 3 are easily proved Iram tic limit cubes in Thscorern L, 
Section 22, For instiice, to prove he sur property we bere 


Шы БИЧЕ ШШЕ + gil) 


= lim fe) + lim gle), sm Mists, Taker 1 
= fle + gie) Сінтай 
= |f + eile). 


This shows ihat f + g is continuas. 


EXAMPLE 5 Polynomial and Rational Functions Are Continuous 


fa) Every polynomial Piri = mx" + m, p" E +++ + ag ds. continus because 
lm Piri = Prey Theorem 2, Section 2.2, 


гг 
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(b) If Pixi and Ох) are polynomials, then the rational function P(x1/ Ox) is continuous 
wherever it is defined (O(c) = 0] by the Quotient Rule in Theorem 9. 


EXAMPLE б Continuity of the Absolute Value Function 


The function f(x) = |x| is continuous at every value of x. If x > 0, we have f(x) = x, a 
polynomial, Hf x = 0, we have fix) = —x, another polynomial. Finally, at the origin, 
lim, —g|[x| = 0 = |ü]. 


The functions y = sin x and v = сов are continuous at х = 0 by Example 6 of 
Both functions are, in fact, continuous everywhere. It follows from Theorem 3 that all 
six trigonometric functions are then continuous wherever they are defined, 

For example, y = tanx is continuous on = U(—7/2, m/2) U 
(2/2, 3/2) o>. 


1. Define g(3) in à way that extends gix) = (x! — 9)/x — 3) to 
he continuo at Y = 3. 


2. Define 2) m a way that extends Air) = (£^ + 3r — White — 2) 
to he eontinnous arr = 2. 


3. Define f(1) in a way that extends fis) = (s^ — ПД! — 1) tà 
be continuous ats = 1. 

4. Define g(4) in a way that extends g(x) = (x* — 16)/ 
(х2 — àv — A) to be continuous ats = 4. 


&. For what value of a 18 
x*— l xx 
ixi = 
/ =a r=3 
continuus ii every x? 
б. For what value af b is 


AW hr re —? 


continuus at every x? 
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DERIVATION 


DERIVATION 


A. TANGENTS 


The word ‘tangent’ comes from the Latin word tangens, which means ‘touching’. Thus, a 
tangent line to a curve is a line that “just touches” the curve. In other words, a tangent line 
should be parallel to the curve at the point af contact. How can we explain this idea clearly? 
Look at the figures below. 


à шде ling bo à curve й secant ling їй a curve 


zoomed in once 


zoomed in twice 
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As we zoom in to the curve near the point A, the curve becomes almost indistinguishable from 
the tangent line. So, the tangent line is parallel to the curve at the point A- 

How can we find the equation of a tangent toa curve at a given point? The graphs below 
show one approach, 


Bix, fix) 


| the tangent af the angle The first graph shows the curve y = fix). The points Ata, far) and Bix, f(x) are two points on 


[емен нш and the) сше, The secant line AB has slope m yp, where 


_ f- Ла) 
v a, 10-70) 
Now suppose that we want to find the slope of the tangent to the curve at point А, The 


second graph above shows what happens when we move paint B closer and closer to point 
A en the curve. We can see that the slope of the secant line AB gets closer and 
closer to the slope of the tangent at A (line t). In other words, if m is the slope of the 
tangent line, then as B approches A, my р approaches m. 
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Definition 


Lampe 1 


Solution 


[m equalion ef à line 
|y 


through the peint (тү, n= 


ith slope tn: 
yj = mix - 1). 


1) 
j= 


EN 2 


Solution 


w+ psia Lag!) 


tangent line 
The tangent line to the curve y = f(x) at the point Ala, fiat) is the line through A with the 
slope 
m= lim f 
x"  x-ü 
provided that this limit exists. 


Find the equation of the tangent line to the curve y = x? at the point АП, 1). 


We can begin by calculating the slope of the tangent. 
Here we havea = 1 and f(x) = x^, so the slope is 
те AID. n 
rl x-1 asl y—] 

(x-D(xl) | 


p get D=141=2, 


Now we can write the equation of the tangent al point (1, 1): 
у-ур = mix-11) 

y-l-29- 

у= 2-1, 


Find the equation of the tangent line to the curve y = x* - 1 at the point (-1, -2). 


Here we have a = -1 and f(x) = x?- 1, so the slope is 
me lig 6 fC) = fim =D Vn +! 
re -p ee r+] eel etl 
(x Dx - x41) 
P GR 
m= lim? -x+ - CD -CD«1 
m- 3. 


So the equation of the tangent line at (-1, -2) with slope m = 3is 
#- = тх хр) 

y - (-2) = 3x - (-1)) 

yt2=2dr+3 

у= ar +1. 
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We can also write the expression for the slope of a tangent line in a different wax. Look at the 
graphs below, 
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| THE SLOPE OF A TANGENT LINE TO А CURVE 


n lig P D- f) 
"oh 


| Example | 3 Find the equation of the tangent line to the curve y = x* at the point (-1, -1). 


Solution Let fix) = x*. Then the slope of the tangent at (-1, -1) is 


mel AL FED gy (1 BY CD 
bw h n 


UR 3 Ay Lgs EL E3CTEREXCDE +? - CT) 
m = lim 
Hr Ey ae bun Ё 
hi3 - 3h 


т tim E HE) e 3a ye 3. 
k 


bl h 
So, the equation of the tangent at point (-1, -1) is 
y - (-D) =3(r-(-1)) 
у+1= 3+3 
у= Зх +2. 
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| Example | 4 Find the equation of the normal line to the curve yes at the point (2, 1). 


Solution Recall that a normal line is a line which is perpendicular to а tangent. The product of the 
slopes m, of a tangent and m, of a normal is -1. 
Let us begin bv finding the slope of the tangent. 


LO. 2 1 
n, im FO) нужа 2 ty Dh 
icu h Ге ЖИГ ie | 
ШС аа _, -] 
UE Nt) Er 24h 
vdd 
CUN 
VAR a E We have m, «m, = =I. 
m, d, = -l ub a] 
The podus ut slapes af So m, ^ —- m = 
the tangent lire э tlie mol 
normal line ot a poini 


‚ equals -1. The equation of the normal line passing through the 


point (2, 1) with the slope m, = 2 is 
у-ур = "mat -31) 

1-1 = 20-2) 

y = 9-3. 


Check Yourself 
1. Find the equation of the tangent line to each curve at the given point P. 
a f(x) = x*- 1 Pi-1, 0) 
Ьу =х+1 P1 
с. fix) = - қ, 2) 
3, Find the equation af the normal line at point P for each curve in the previous question, 
Answers 


layz-2:x-2 bys1l cy=—-tred 


I I 1 15 
Raye —zt— brat суз oye — 
y а 9 1 а 
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В. DERIVATIVE OF A FUNCTION 


Definition 


Example & 


Solution 


Up to now we have treated the expression гыз лы 
function f(x). We have calculated the limit of a difference quotient as h approaches zero. Since 
this type of limit occurs so widely it is given a special name and notation. 


ав à ‘difference quotient’ af the 


derivative o£ a function 
The derivative of the function f(x) with respect to x is the function f(x) (read as "f prime of x") 
defined by М 

f'aj- y tb fi 


The process of calculating the derivative is called differentiation. We say that f(x) is 
differentiable ai c if [ (c) exists. 


Thus, the derivative of a function fix) is the function f'(x), which gives 
1. the slope of the tangent line to the graph of f(x) at any point (x, f(x), 
2. the rate of change of f(x} at x. 


FOUR-STEP PROCESS FOR FINDING f'(x) 


P 


Aon h 


Find the derivative of the function f(x) = х", 


To find f(x), we use the four-step process: 

1. +) = (x hy = т + + 

2. f(x + M) fix) = xt + аха + А-х" -2xh + he 
з. fath- fie) ZdW Warth) ор 


` h y wE 
4 lim(2x+h) = 25 


Thus, f(x) = 2x. 
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@ Find the derivative of the function fix) =x?- 8x +9 at x — 1. 


Solution Weapply the four-step process: 
1, fx +h) (x *hy-Bxh)4902r + dh +h- ar- 8h +9 
2, fix + А) а) =a" + 2 + h- Br -8h + 8- (1*- 8x + 9) = 2л + I - BÀ 


4 +) ба) FW +2a0h-8h SEERA 
h 

4, jg 819-792 у, 2x-8)e2x-8 

So, Р(х) = 94 - Band f'(1) 2 21-8 =-Б 


This result tells us that the slope of the tangent line to the graph of f(x) at the point x = 1is 
-6. It also tells us that the function f(x] is changing at the rate of -6 units per unit change in 


хах =], 

Let f(x) = 1, 
7 : 

a. Findf'(x). 


b. Find the equation of the tangent line to the graph of fix) at the point (T. 1). 


| 
ООРУТ ath) _ г d 
с таа ш ГАНК AREE 


b. In order to find the equation of a tangent line, we 
have to find its slope and one point on the 
tangent line. We know that the derivative gives us 
the slope of the tangent. Let m be the slope of the 
tangent line, then 

m= f'(l)= -75 E; 
Šo, the equation of the tangent line to the graph 
of fix) at the point (1, 1) with the slope m = -1is 
ү-1=-[(х-1) 
y=- +2. 
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Solution 


The function fix) = ух is given. Find the derivative of f(x) and the equation of the normal 
line to f(x) at the point x = 1. 


К = tim tL) uu ух+#- | af Ver x Javh— x ухва 
BIN Lr C un MP 


ГЕ tht dx. 
r= xth-x 1 
m Jk x) d mE m x+h 


pkr 
Tor E 


Remember that if m, is the slope of a tangent and m is the slope of a normal at the same 
point, Шеп m, + m, = 1. 50, we can find the slope of the normal from the slope of the 
tangent. Then we can write the equation of normal line to f(x) at the point x = |. 


The slope af the tangent is 


wen Li = 


The slope of the normal is 


Mee УЧИ ӨГ 


т, 
2 
The equation of the normal line is 
Y= Wy = Wy - XQ) 
g-12-1x-10D (Note that yp = f(x). that is yg = RT) = 1) 
у= 21 + 3, 


Check Yourself 
1. Find the derivative of the function f(r) = 2x + 7. 
2. Let fix) = 2x? — 3x. 

a. PFindf'(x) 

b. Find the equation of the tangent line to the graph of f(x) at the point x = 2. 
3. Find the E of the function f(1) = 3^ - x 
4. E f(x)- find the derivative of f(x). 

T 

Answers 
1 


12 Qadx-3 Ьу=бх-В8 3,3-1 4, –— 
а(х+зу 
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С. LEFT-HAND AND RIGHT-HAND DERIVATIVES 


Ep 


Solution 


Ep, oun 


Solution 


When we were studying limits we learned that the limit of а function exists if and only if the 
left-hand and the right-hand limits exist and are equal. Otherwise the function has na limit. 
From this point, we may conclude that the derivative of a function f(x) exists if and only if 


f'a-)-1 ig HEE and f(x')= THARE — à 


These aedis are respectively called the left-hand. derivative and the right-hand 
derivative of the function. 


Show that the function f(x) vx does not have a derivative at the point x = 0, 


Here we should find the left-hand derivative and the right-hand derivative. If they exist, then 
we will check whether they are equal or not. 


Let us find the left-hand derivative: 


o= in eb fü = inh їй = tin 


Since < 0, Jh 2 is iin and this limit does not exist. So the left-hand derivative does 
not exist either. 
Thus, the function f(x) vx has no derivative at the point x = 0. 


Ж qu b 
Does this function have a derivative at the point x = 1? 


We will find the left-hand and the rieh5i-hand derivatives, 


АП -h)-2-0 = lima 2h 
h bes 


| -h)- fil (le hy -1-0 b «2i 
p EIU, lim 222 —— s «a = lim *2)- 2 


JW um 
The left-hand and the right-hand derivatives are equal to each other. Thus, the derivative of 
the function at the point x = 1 exists and 


fih=fh =f} = 2. 


vos {+O 
fir) m 


= lim 
LES J 
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D. DIFFERENTIABILITY AND CONTINUITY 


Example 1 1 


Solution 


Recall that if (c) exists, then the function f(x) is differentiable at point c. Similarly, if fix) is 
differentiable on an open interval (a, i, then it is differentiable at every number in the 
interval (a, b). 


Where is the function f(x) = |x| differentiable? 


We can approach this problem by testing the differentiability on three intervals: 
x -0,x < бапйкх = 0. 
1. Fx > 0, then z +h > Qand |х +h] 2 x +, 

Therefore, for x > Owe have 


Ро = ig HEEL FEE aan 


k Б-Н] д а-на А-ай 


бо, f(x) exists and f(x} is differentiable for any x > 0. 
2. Ix <0, then |x| = хапа |x + h| = -x + k) if we choose k small enough such that it 
is nearly equal to zero. 


Therefore, for x = Owe have 


M |x| 


Га) «lim elim 59-69. "lm = lin 1 


т-н! h 
50, f(x) exists and f(x) is differentiable for any х < D. 
3. Fors = 0 we have to investigate the left-hand and the right-hand derivatives separately: 


tim 951-100 c [AEn eimi 
h не ho ath ka 
Гаа а A I ich a, 1 
im h кг EET T 


Since these limits are different, (х) does not exist. 50, fix) is not differentiable for 
r=0. 
In conclusion, foc) is differentiable for all the values of x except 0. 
Alternatively from the graph of fix), we can see that Ax) does not 
have a tangent line at the point х = 0. So, the derivative does not 
exist. 
Note that the funetion does not have a derivative at the point where 
the graph has a ‘comer’, 
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4 Ifa function fix) is differentiable at a point, then its graph has a non-vertical tangent line at 


A function fis this point. It means that the graph of the function cannot have a ‘hole’ or ‘gap’ at this point. 
acre | Thus, the function must be continuous at this point where it is differentiable. 
lim f(x) = Да). 


Note 
If fix) is differentiable at a, then f(x) is continuous at а. 


The converse, however, is not true: a continuous function may not be differentiable at every 
paint. 

For example, the function fix) = |х| is continuous at 0, because lim f(x) =0 = f(0), 

But itis not differentiable at the point x = 0. 


cas be 
The piecewise function f(x) is given as. f(x) 2 16, x-2. 


x-2  x«1 
à, is f(x) continuous al x = 2? 


b. Is Дх) differentiable at x = 2? 


Solution a. Since lim f(x) = J (2), fix) is continuous at x = 2. 


b. Let us find the left-hand and the right-hand derivatives of the function f(x) at the point т = 2. 


ac gw f@+h)-fQ)_ , (@+ 1-9-6 
Are ECT, Et it 


= Nin 232 ht 2R 8 jp MIA GEN) 


hn h as h 
= lim(12+6h+h*) = 12 

ball 
= fin LOTMA LO _ ү„2-@+Ю*-@+в)-в 

idi EE ы и 

Lgs 2 Ч+#+ЁЇ)-2-һ-6 _ pp StR -2-h-6 
Ev V. ы — —— 
EL ULL NN 3 

Jim = lim(7 +28) = 7 


Since fian) s (2), the derivative of the function f(x) does not exist at the point x = 2. 
So, the function is continuous at x = 2, but it is not differentiable at the same point. 
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We have seen that a function f(x) is not differentiable at a point if its graph is not 
continuous at x = а. The figures below show two more cases in which f(x) is not 
differentiable at x = a: 


a 


d COTTIET 
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CRITERIA FOR DIFFERENTIABILITY 


| For the following cases the function is not differentiable at a given point: 
“1. the graph has a discontinuity at the point, 

2. the graph has a ‘corner’ at the point, 

3. the graph has a vertical tangent line at the point. 


1 3 Explain why the function shown in the graph 
givin belowis not differentiable at each of the 
points x = a, b, c, d, e, f, g. 


Solution The function f(x) is not differentiable at the 
points x = a, b, c because it is discontinuous at 
each of these points. The derivative of the func- 
tion f(x) does not exist at x = d, e, f because it 
has a corner at each of these points. Finally, the 
function is not differentiable at x = g because the tangent line is vertical at that point. 


Check Yourself 


Я | T- 1, = 1 ; 
|. Given that f(x) wie show that the derivative of fix) does not exist at the point 
x x> 


y=]. 
2. fix) = [x* — Ax + 3| is given. Find the derivative of fix) at the point x = 3, 


3. The graph of a function fis given below. State, with reasons, the values at which fis not dif- 


ferentiable. 


Answers 
1. compare f'(1-) and f'(1*). 
2. does net exist. 


3. х= -1 comer; x = 4, discontinuity; x = B, corner; x = 11, vertical tangent. 
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A. Tangents 
1. Find the slope of the tangent line to the graph of 
each function at the given point, 
а fíi)s3x-1; x53 
b. f(x) 24-71; x22 
c fxy-2z5-I;x--I 
d. Дх) = à&-21-5; x40 


ое. fix) 2-35; x21 


2. Find the equation of the tangent line to each 
function at the given point. 


з. fx)y22x45 at (2,9) 
b. fix)yzzxi-x-1at (3) 


C. Left-Hand and Right-Hand Deriva- 


tives 
31е fx) fix, eres 
^ 9x2, вех —— 
Does the function have derivative al x = 8? Why 


or why nnt? 
4.Given that f(x) = |x- 1), find f''(1). 
D. Differentiability and Continuity 
5, 


The graph of fix) is given. At what numbers is fix) 
not differentiable? Why? 


: a'-7x, xe] 
"ed | 91-4, x21 
Does the function have derivative at x = 1? Why 
ar why not? 


TECHNIQUES OF DIFFERENTATI 


A. BASIC DIFFERENTIATION RULES 


SS 14 


Up to now, we have calculated the derivatives of functions by using the definition of the 
derivative as the limit of a difference quotient. This method works, hut it is slow even for quite 
simple functions. Clearly we need a simpler, quicker method. In this section, we begin to de- 
velop methods that greatly simplify the process of differentiation. From now on, we will use 
the notation f(x) (f prime of x) to mean the derivative of f with respect to x. Other books and 
mathematicians sometimes use different notation for the derivative, such as 


d i 

Epy =E= DG). 
All of these different types of notation have the same meaning: the derivative of à 
function with respect to x. Finding this derivative is called differentiating the function with 
respect ta x. 
In stating the following rules, we assume that the functions f and g are differentlable. 
Our first rule states that the derivative af a constant function is equal to zero. 


THE DERIVATIVE OF A CONSTANT FUNCTION 


If cis any real number, then e! = = 0, 


We can see this by considering ihe graph of the constant 
function fix) = с, which is a horizontal line. The tangent line to 
a straight line at any point on the line coincides with the straight 
line itself. So, the slope of the tangent line is zero, and therefore 
the derivative is zèro. 

We can also use the definition of the derivative to prove this re- 
sult: The slope af the tangent to 


f= ы 10-0 lim the graph af fie) = г, where c is 
tall 


c- ? 
z =lim 0= =0. tetani, ki zero. 


a. Их) = 13, then f) = (13 = 


b. I fa). then ros] =ü 
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Next we consider how to find the derivative of any power function f(x) = х". 
Note that the rule applies not only to functions like f(x) = x^, but also to those such as 


к= V? and li) ea. 


THE DERIVATIVE OF A POWER FUNCTION (POWER RULE) 


See 


15 a. If fix)=x, then f(x) m x = 1-21 = 1, 


b. I fsa, then Г) (^y 22-a^* - 2x. 

с. If fix)S z', then f'()- (^Y 23-3" = 3x". 

Note 

To differentiate a function containing a radical expression, we first convert the radical 


expression into exponential form, and then differentiate the exponential form using the Power 
Rule. 


16 a. If f(x) = x^, then fix) x in exponential form 


Example 


— n (ЖЕ, m tł EF 
fox) 2 peo X 


b. If f(x) ==, then f(x) =x" in exponential form 
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The proof of the Power Rule for the general саве (t е O) i not easy to prove and will no be 
given here, However, we can prove the Power Rule for the case where n is a positive integer. 


Proof (Power Rule) If fix) = л", then Ja) e i LO jg HE 


Here we need to expand (x + б) and we use the Binomial Theorem to do so: 
Б tae 879 oe +--+ mt +n | -a" 


Го) lim : 

natn E Drag tec nx! +h" 

T= Шз ам (ereny term inebudes hr as a facis 
| Ге eau be simplified! 


fa Та 47D o Lo adt unas 
i E ‘ih — 0, thet every term including 


has ia factor will be acre 


Check Yourself 

Differentiate each function by using either the Constant Rule or the Power Rule. 

1. Қх) = 2. ftx) = 0.5 d, fG)- tfe 
5. ft) s ad 8. бк) = Vi Taal В. fixie 
fix i fi E fx) Je 
Answers 

Lo 20 30 40 538 6 2% 7-2 в 

wA PW, EE "8 № 


The next rule states that the derivative of à constant multiplied by a differentiable function is 
equal to the constant times the derivative of the function. 


THE CONSTANT MULTIPLE RULE 


[е] =) , сев 


17 * 1/0935 then f= Go) 23: 3-1-3, 
b. 1f fx) = 3x, then f= (r 238! =3- (4x") = 120°, 
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Proof 


(Constunt Multiple Rule) if g(x) = c ‹ Дх), then 


gc) - ig SEI) y E feto SG) 


fict h)— Дх) 


gx)me -lim т 


(х) =: f'ix). 


a. [If fix) -- z. then [хї={-@х Y = -3(x ^y =- '}=бу = S 


а) 54s, а) GY ту = 801") 


Next we consider the derivative of the sum or the difference of two differentiable functions. 


The derivative of the sum or the difference of two functions is equal io the sum or the 
difference of their derivatives, Note that the difference is also the sum since it deals with ad- 
dition of a negative expression. 


[/()3 at] = FOF (а) 


Note 


We can generalize this rule for the sum of any finite number of differentiable firvctions. 


[ fx) F gx) а). = (ху gy hx)... 
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E 19 


Solution 


Now, lers verify the rule for a sum of two functions. 


(Sum Rule) If Six) = f(x) + g(x), then 
six) = 5530-88) -pitt h)+ gix+ са 0] 
(у= inl foc h) - foo] о) - aix] 

en i 


tie) ag C89 £00 үү Et) 
asc а о E 


Sx) Poo go). 
a. If f(x) e x * 7, then f'G)s (x* - Ty = ("Y (Ту = -2x? 407 -2x. 


b. и йй= «3, then 0) = B ње) -| 5) «epe. 


gty- ; Qi!) esc art!) 


кй a *t 10 
t=] —-—. 
yo 5 BE 


Notice that in this example. the independent variable is ! instead of x. So, we differentiate 
the function g(t) with respect to t. 


By combining the Power Rule, the Constant Multiple Rule and the Sum Rule we can 
differentiate any polynomial. Let us look at same examples, 


Differentiate the polynomial function f(x) = 3x^ + 4r! - 7x* + 3x + 6. 


Гіу 2 (33 42! - 72 +4046) 

Гк) = (6 y Y Ct y + (ary + (бу 
Го) = 390 y + 4x y - Ta^ + Bay (8) 
Гк) = 3.5x' 4-4 -7-2x4 3-140 


fie) 2 15x! - 18x! - Mx - 3 
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01 li is estimated that x months from now, the population of a certain community will be 
Pix) = x* + Mie + BODO. 


Solution 


il, 
b. 


a. 


e 


At what rate will the population be changing with respect to time fifteen months from now? 
How much will the population actually change during the sixteenth month? 


The rate of change of the population with respect to time is the derivative of the 
population function, i.e. 
rate of change = Рх) = 2x + 20. 
Fifteen months from now the rate of change of the population will be: 
P(15) = 2. 15 + 20 = 50 people per month, 
The actual change in the population during the | 
sixteenth month is the difference between the Ё 
population at the end of sixteen months and & 
the population at the end of fifteen months. 
Therefore, 
the change in population = P(16) - P(15) 

= 8576 – 8595 

= 51 people. 


Check Yourself 
1. Find the derivative of each function with respect to the variable. 
i tein b. fü) car’ с fit) 2024 
2x 4 
1 J 11 
d. fix) = 3 + 50-1 ё, m= -5+ E fü- X aan 3 
x 
3 1 Dos 
3. Find the derivative of f(x) = d 
= 
— xk - x 
3, Differentiate f(x) = —————. 
fe avn t x 
Answers 
3 А 0.1 " 12. 3 А 4 
La-— báar c.—— dirti е ——-—41 EL2x-4-— 
BÓ E aan Sa E 
29-23 3.1 
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В. THE PRODUCT AND THE QUOTIENT RULES 


Now we leam how to differentiate a function formed by multiplication or division of 
functions. Based on your experience with the Constant Multiple and Sum Rules we learned 
in the preceding part, you may think that the derivative of the product of functions is the prad- 
uct of separate derivatives, but this guess is wrong, The correct formula was discovered by 
Leibniz and is called the Product Rule. 

The Product Rule states that the derivative of the product of two functions is the derivative of 
the first function times the second function plus the first function times the derivative of the 
second Function. 


THE PRODUCT RULE 


_ [ой] = Родас) + foie) 


Be carefull The derivative of the product of two functions is not equal to the product of the 
derivatives: 
We can easily see this by looking at a particular example. 
Let fix) 2 x and gir) = х^, Then 
Рди) ==: = 2° Р(х) = land g(x) 2 2x 
хх) = 3° fx (2) = 1-22 = 2x 


Lexar + Phot) 


LG) s foc). 


99 Find the derivative of the function fix} = x(x + 1), 


Solution By the Product Rule, 
fo x-(t y. (xy (et ea 14+] (41) = 2041. 
We can check this result by using direct computation: 
fix) = x(x + D o x* то, f(x) = 2x + L which is the same result. 
Note that preferring direct differentiation when it is easy to expand the brackets is always sim- 
pler than applying the Product Rule. 


OF Differentiate the function fix) = (2x? + АЗ -1). 


Solution (х) = (Әл +1) (x^ -x)*(2x 1) (6 - 2) 
f'x)- (4x) - D) (2x! 4 (2-1) 
Fie) = Av - Ax A? а 21-1 
fí)s8 - 20° -2x-1 
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| Example 24 


Solution 


Proof 


Solution 


Differentiate the function f(x) = (x? + x -2)у(@/х + 1). 


First, we convert the radical part into exponential form: 
fic) = GP ta- 2) 1) = (8 x 2)- (Qa +1), 
Now, by the Product Rule, 
TO= t- 2y 37 +) + G8 x - 2)- 2 +1у 
fs (ac - 1317 ee (e e r- 2). Ly Ar c 1 pr ue unt cay t 
fz72" + 3x? 3x" -2x 7 +1. 


Let us look at the proof of the Product Rule. 
(Produet Rule) If. P(x) = Јом), then 


pi) tg 0-0) Йара. До) 
By adding -fx + kiei + [їл + Їйї (which is zero) to the numerator and factoring, we have: 


БЫ ыды ыыы шыны ш 


Pix) = tn Ett Hae geo [foc - fen) 


Дк inr (xt 59 rae etr 


Pix) lm fth 69-469 ү). pp E f) 
P'ixy f(x) - gc) gi) - fix) = Sgt figa (20). 


Differentiate the function f(x) = (x^ + Dix! - ахуа" + 24° + 4). 


In this example we have a product of three functions, but we are only able to apply the rule 
for the product of two functions. So, before we proceed we must imagine the function as 
a product of two functions as follows: 

fx) (а Doa "See 2h 4) 

у= + Da! - 53)! (8 + 237 - 4) (8 DUO! Баа + 2x? +47 

f'(x)2 [2x(38' -52) + (x? + 1 (12x 5) (e 4 22 + 44 (e - DG - 9x) (3a + 0). 

Our aim is to introduce this method and because any further simplification is time 
consuming, we will stop at this point. 
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The derivative of a quotient is the denominator times the derivative of the numerator minus. 
the numerator times the derivative of the denominator, all divided by the square of the de- 
nominator. Or, 


| Пета |= derivative of the numerator x denominator numerator x derivative of the denominator 
denominater ibe square of the denominator 


THE E QUOTIENT RULE 


(i) „ГӨЖ agg 


gx) (geo 


The quotient mile is probably the most complicated formula you will have to learn in this text. 
It may help if you remember that the quotient rule resembles the Product Rule. 

Also note that like in the Product Rule, the derivative of a quotient is not equal to the 
quotient of derivatives. 


Find the derivative of the function f(x) = ZE. 


773 26 i-r 


Solution Using the Quotient Rule: 


(Ar D (2x- 1) {Зу 
(2х1) 
J(2x-1-(ut12 бх-3-6х-2 
(2x - 1) (92-1) 


P= 


fe 


fie 


Differentiate the rational function f(x) = Ie 
| Example 27 E 
Solution According to the Quotient Rule, 


paj- CEA OD 0-20 1 


-I 
yoy 2€ -х-1-х“-х+91 -2+0 
iM ыр 
fen 22210 


r-3x4]- 


127 


Solution 


Proof 


Әл? 43941 


Differentiate the function f(x}= T 


Before trying to use the Quotient Rule let us simplify the Formula of the function: 


2x +3х+1_ ar 3 1 
асоеро ЯЕ epigr 
Bec == ure rial 


In this example, finding the derivative will be easter and quicker without using the Quotient Rule. 


1 x-i 
f= 140-22" =1-5=2> 


Note 

We do not need to use the Quotient Rule every time we differentiate a quotient. Sometimes 
performing division gives us an expression which is easier to differentiate than the 
quotient. 


Let us verify the Quotient Rule. 


(Quotient Rule) Let Об) = Ae and Q(x) be differentiable 


We can write fix} = Qíx)g(x). 
If we apply the Product Rule: f(x) = Q'ix)yix) + Qiog'x) 
Solving this equation for Q'iv), we get 


o E, 
yo- [60-992 _ dud d 
ai) qx) 


_ Года) – Лао) 
UN (gi 


| Example | 29 fix) = чх -gi, where qid) =2 and g'(4) = 3. Find f'(4). 


Solution 


fy (x О) = y aon t x gx) 
с, pu 
fx) ^ tw gx) 


So f= LOA ie 20e. 
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Check Yourself 
|. Find the derivative of each function using the Product or the Quotient Rule. 


а. fix) = 2xG + +1) b. fix) = (x? = 002-2) 
c fe [Ee ent d f= afe +) 
x х т 
+4 1 
| |z—— Ё ] —| 
e f fix) РЕ 


3. If fix) is a differentiable function, find an expression for the derivative of each function. 


d. y 13/0) 


а. yir) h. ,- I2 ir n 


3. Suppose that fand g are two functions such that (5) = 1, f'(5) = 6, g(5) = —3 and 
g'(3) = 2. Find each value. 


a. (üy (5) b H (5) c А 6) 
4 J 
Answers 
; i1 3 5 1 
latti? Ь5!-бё-9л 1-6-1 Lli4x42x-—— 
x x 2 ахх 
14 1 Y +9х-11 3.4 
е -—_ Ела. BAA Ве 
(3 - T Мух +1) (x4 Ty хї 9 


да зау) + (фу) b LOMA) affe y sf) 
а. Dxfix) + ху") : t TES " 


3,0.-16 b E c.20 
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С. THE CHAIN RULE 


We have learned how to find the derivatives of expressions that involve the sum, difference, 
product or quotient of different powers of x. Now consider the function given below. 

hix) = (x! -x-19 
In order to differentiate h(x) using the rules we know, we need to expand h(x), then find the 
derivative of each separate term. This method is, however, tedious! 


Consider also the function mia) = Nx! + х-1. This function is also difficult to differentiate 
using the rules we have learned. For each of the two functions A(x) and six), the 
differentiation formula we learned in the previous sections cannot be applied easily to 
calculate the derivatives h'(x) and m'ir). 
We know that both fr and m are composite functions because both are built up from simpler 
functions. For example, the function (х) = (x* + x = 1)" is built up from the two simpler 
functions f(x) = x? and gir) = x* + x — 1 like this: 

h(x) = fügix) = gto" = (^ *x-0* 
Here we know how to differentiate both fand g, so it would be useful to have a rule that tells 
us how to find the derivative of = füg(xY) in terms of the derivatives of fand g. 


IHE CHAIN RULE 


For example, if a(x} = fla(x)) = (x* + x - 1)", then 
hix = figi ix) = 590 4 x -1)*: (2r + 1); 


Common Errors 


2. [0 + x-1" 
4 


ай 


S) Differentiate the function fix) = (x? + xy 


Solution Ву the Chain Rule, f(x) 2005(3x7 5x)" (За + S) = 2005(3x* -- 5x)" - (6x45). 


3] Suppose mix) = fig(2)) and g(1) = 5, (1) = 2, (5) = Запа f'(5) = 4 are given. 
Find m'(1). 


Solution By the Chain Rule, mix) = Pigit))-g Go). 5o miD = fii Do-g'(D = ['(Б}-2 = 4-2 = 8. 


Note 
The Chain Rule can be generalized for the composition of more than two functions as follows: 


Ui Weal fa Qo. 10] = Ur UfaCfa Cf 0291 * Uf Ufa Caf GO) = Ufa Gf e fer 


Using the Chain Rule we can generalize the Power Rule as follows: 


GENERAL POWER RULE 


-— 


By using this rule we can more easily differentiate the functions that can be written as the 
power of any ather functions. 
3 9 Differentiate the function m(x) = va" * x-1. 


Example 


1 
Solution We can rewrite the function as m(x) = (x? + x- 1)* and apply the General Power Rule: 
4 1 
mia) = s +r-l) 5-(x! 4 x -1)' 


І 
a) e 0+2) 1 (9441) 


ail 
24x! +к-1 


тх) = 


1 
Differentiate the function. [(т) = — : 
33 Pe 
Solution f(x) -[(x* 43x)» -Ma* 432) * (C -3xy 
f(x) 2 - x^ +307" ax) 


dtd 


Pes (xi +31) 
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EE 34 paese the function fo) = (99-22-15) 5. 
Solution Pas- iar ни -15) Qué? -15) 
(Br +r) 


TN 
9 3 Wd ex -15) 


Gx" +2х 


T9 sae rea 
t 
Differentiate the function f(x) = (ха) * -5xy*. 
E35 
Еі ł 
Solution /(х)=-Җ(х+1у* &5)* -((х+1у +5) 
f'i)--X«n* +E Že [x 1 45) 


f'ix)ys Xx: 13 +50 „(Б Jen 


| Example | 3 6 Differentiate the function. f(x) (2x - ay АДЕ aoe 


Solution The function is the product of two expressions, so we can use the Product Rule: 
f'a)- (ax - 35 - d 9x + (x - 3 (2 xy 


f'a)z5-(Qx-3) 2.46 -®+(@х-3у- и? E (21-2) 


- l2: -3y [i p (20-37 01-92) 
Га) = 12x -3) vr" - 2x + im 


Em 37 


Solution 


Solution 


Differentiate the function af) = GI 


ode 


1-3 t-3 (by the Power Rule) 


U+1) 2-0-9-1. (2081) 
і 7 a үтүрү ү терүү ЕТЕЙ 
gu- | | (13у (by the Quotient Rule) 


L- 
= 2i-6-2t-] 


7 - 
(у= i 3 (1—3) (simmulify) 


-AKH 4 1" 


noe a 


Remember that ify = fix), then we can denote its derivative by y" or a 
If y = figix)) such that у = flu) and a = gix), then we can denote the derivative of Nigiri) 


fx} dy dy idu 
byy' = Fgh) = go) ony! = P) wv p ACE 


The notation —= dy _ а. du — is called Leibniz notation for the Chain Rule. 
M dx de dx 


Given that y = a – 1 and u = 3x* + 1, find Е. br using the Chain Rule. 


By the Chain Rule, 

dy dy ш 

dx du dx 

a Bye D. aes D (find the derivative of the first function with respect to à 
йт du and the second function with respect to x) 

d 
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Check Yourself 
1. Find the derivative of fix) = (2x + 1)". 
2. Differentiate y = (x'— 1)!” 
3. Find f '(x) given fs. 
dr +241 
L] 
JE -] 


4. Find the derivative of g(x) = 3 ———. 
in Vx! +1 


= | | er | 
5. ¥=— and i = Зх - 1 are given. Find d 
l di 


Answers 
1.601 + 1)! 2, 300x2(x!— 1) E 2 8 
Six’ x Ty 
4 lg Hy Gx" oa i 
аа (x +I) — gj 
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А. Basic Differentiation Rules 


1. Find the derivative of each function by using the 


rules of differentiation. 


a. fix) = Ja 


e. К) =e 
à fije ly 
12 
е. Ar) = 2x98 
E [\х)= З yi 
2 

E fa) E 
h. Ах) = 0.30 
L Ат) = т 


| fs525ec6-3»x-47 


m. f(x) a Vx x 


n. fidi aad 
I X 


E 


0. asir 
a 


= 
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B. The Product and The Quotient Rules 
2 


3. 


Find the derivative of each function by using the 
Product or the Quotient Rule. 

a fix) = 4r(x"-1) 

b. Дх) = (2x + 3) - 4) 

с. fix) = 10(3x + ТҮП - ax) 

d. ftx) = {х!- Dx + 1) 

е. fix) = (к-а + x- D(x? + 4) 

Ё fix) = (1 + ve ae -3) 


3 
E Kon d 


x-i 


b fe 


1. fot 


Given that f(1) = 2. fil) = -1, g(l) = -2 and 
g'i) = 3, find the value of h’(1). 

а. W(x) = fix) glr) 

b. hx) = Ge? + 1)- oft) 


Е xf(x) 
abs: x g(x) 


м х) a) 
& е лр) 
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‚ Differentiate the function fix) = =й |, 
simplifving and by the Quotient Rule. Show that 
both of your answers are equivalent, Which 
method do you prefer? Why? 


5. f(3) = 4, g(3) = 2, f'(3) = -6 and (3) = 5 are 
given. Find the value of the following expressions. 


a. (f+ qi» b. (ҮЗ) 
fe d. PA 
1 gjo T-a” 


С. The Chain Rule 

B. Find the derivative of each function. 
a. fix) = 
b. fx) = 
c. fix) = (6-32! + 6)" 


(3x - 1F 


(x? + 2y 


d. fix) = (х-2у* 


2 
© feno Say aap 


tfe 


g Ла) (ee Te vey 


oh. f(x) = (х= 1) Gc 1) 
„0-а 


Ol. fix)= 24-1 


3x41 
OL Дх) = Эх + [9224 e+ Тура" 
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7. hix) = gift) and f) = 3,7709) =- g(a) = 
and g'(3) = 4 are given. Find (23. 


8. By using the Chain Rule, ind for each function. 
ав yzu-lus2x*l 


b ysr + 20 +02 usr] 


D- DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 


Let us begin by looking at the derivatives of the sine and cosine functions, 


DERIVATIVES OF SINE AND COSINE 


39 Find the derivative of the function f(x) = (sinx + cosx)’. 


Solution х) = 3(sinx--cosx)(sinx--cosx)' (у the General Power Rule) 


füx)-3inx-cosx)cosr-sinz) — (hy the sum, derivative of the sine and cosine) 
| e 0066 Г) = Bens? x- sin" x) (simplify) 


| ena Sx e pos x - sin X 


f(x) = 200625 (hy the trigonometric identity) 
Now let us derive the formula for the derivative of the function fix) = sin x. 


Proof = (Derivative nf Sine Function) 
By the definition of the derivative, we have 
yog ГОД) FG) р. sine + fh) sin x 
F(x) = Ig aca em 


e e e f e f'ajs = py eer en emi -snr _ = yy (Sese ns owen 


f= ins cosh- P Cr mes mt *limcosx- lim. M 


f(x) = sinx-0ü-Fcos x- | 2 cosa. 


40 Find the derivative of the function fix) = x - sin x. 


Solution By the Product Rule 


fx) 2 ix - sinx)' = (x) sinx х (ід) = sin x xcosx 
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CHAIN RULE FOR SINE AND COSINE 


Find the derivative of the function fix) = сова - x). 


Solution у(х) = (cos(z' —x)) = sin? —4) (€ -x)'2 -sin(x! —x) (3x А 


ESTEE 42 Find the derivative of the function fix) = вш. 
Solution In this example we have the composition of three functions. 
f(x) 2 sin* д> (їшї) 
We apply the Chain: Rule beginning Жей hie uténiaost function: 
Р) iini z T y = баа )) inia 1" 
Рх) = isina) «cost x!) (xy! 
Г'(2)= Naini) costa) 2a 
f(x) = 10хвіпід Jcosix") 
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Chek Yourself 


Find the derivative of each function 


1. 7@)==3 sinx 2. f(x)=xcos x 3. fa -= 


1+соѕ x 
4. f(x) = cos2-(2?* 2-1) 
Answers 
1. 1-3cos x 2. cos v-x sin x СИЕ ИА 
1+соѕ x 


4. sin(2a?+2r-2).(27+1) 


DERIVATIVES OF OTHER TRIGONOMETRIC FUNCTIONS 


A} Find the derivative of the function f(x) = tan(x’ - 3x + 1). 


Solution (к) = secr" - Sx + 1) - (x*- 3x + 1) = sec! - 3x D) (2x - 3) 
or =(1+ап(?-3х + 1) -3). 
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| Example | AA Find the derivative of the function. f(x) = mim 


І+ пх 


Solution Ву the Quotient Rule, 


_ (весу {l+ tan x) -see x (14 tan x)" 


(йү the Quotient Ише) 
(1--tanx) 


sec xLan x -(] - tan x) -sec x вес” 3 
vr ————M—— (Ж ЕНШЕ. 
(1+ tàn x) ^ 


f) 


_ sec X(tan x-- tan? x вес” x) 
(14 tan x7 


fü) 


(factarize} 


f=- ae (simplify using tam’ € + ] = sec г) 


Check Yourself 


Find the derivative of each function. 
s Ux — 
L faj 2 fix) = 4sec x-cotx 
X 


1 f) = сий -r-1) 


Answers 


xsec x -tanx i : 2 
D eiio 1 49ec vlan x + CscX 


1 
A ew" (r -x-1)(1-2x) 
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E. IMPLICIT DIFFERENTIATION 


Up to now we have worked with the functions expressed in the form y = fix). In this form, 
the variable y is expressed easily in terms of the variable x. A function in this form is said to 
be in the explicit form, However, some functions cannot be written in explicit form. Consider 
the following equation: 

y*tyti-0 


If we аге given a value of x, we can calculate y in this equation. However, we cannot write 
the equation in the form y = f(x). We say that x determines y implicitly, and that y is an 
implicit function of x. Look at the same more implicit functions: 


r-XxXw 3-7 
»-2y =x 
г-у +4y=0 


How can we differentiate an implicit function? Recall the Chain Rule for differentiation. In 
an implicit function, y is still a function of x, even if we cannot write this explicitly. 50, we 
tan use the Chain Rule to differentiate terms containing y as functions of x. For example, if 
we are differentiating in terms of x, 

(y ' äi iht zt 4 fb Wel Фуа ot (y 5 y' га | 


E] = а n dy 
= = 7 —, 
Tyi = Ty’ or (Ty) т 


The procedure we use for differentiating implicit functions is called implicit differentiation. 
Let us summarize the important steps involved in implicit differentiation. 


IMPLICIT DIFFERENTIATION 
1. Differentiate both sides of the equation with respect to x. Remember that y is really 


a function of x and use the Chain Rule when differentiating terms containing y. 
2. Solve the resulting equation for у or 2d in terms o x and y. 
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Solution 


Find y" given the equation j^ + + x = 0, 


(a y xy 240y (differentiate both sides; 


СУС Сау m0 (Ву the Sum Rule) 


oyy +y +1=0 (by the Chain Rule) 
yy +1)=-1 (factorize) 

сс ! 
ү Бу +1 (isolate y") 


| Example | Аб Find a given the equation y - ух + x°-1=0. 


Solution 


E47 


(y! -y xx -1Y = (0), (differentiate both sides) 
(y°) - Q^x (y -() 20 (by the Sum Rule) 


Зу? Y - Qus +y°)+2x-0=0 (by the Chain Rule and the Product Rule) 


2 oy -9yx) = -2x (factorize) 
dy | y -2x 
тй E Зу -2yx (isolate a ) 


The equation x^ + y^ = 4 is given. 
a. Find a by implicit differentiation. 


b. Find the slope of the tangent line to the curve at the point (V3, 1). 
c. Find the equation of the tangent line at this point. 
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Solution a. Differentiating both sides of the equation with respect to x, we obtain 
GP ey - ay 


(xy +(y*)'=0 


ox+9y tt =0 
dx 
dy x 
—=-— (у#0). 
ie y (y #0) 
ЕЕЕ b. The slope of the tangent line to the curve at the point (v3, 1) is given by 
d dj 0x 48 
AX ka, y urn rd 
is used for slope of the t (УЗ, 1) 


curve at the point (a, b). | с, We can find the equation of the tangent line by using the point-slope form of the 


equation of a line. The slope is m = -v3 and the point is (V3, 1). Thus, 


у-у = mx -x,) 
y-1 = ~/3(x - УЗ) 
Br +у-4 = 0. 


A sketch of this tangent line is given on the right. 
The line x + /3y -4 = 0 is tangent to the graph 
of the equation x^ + y? = 4 at the point (v3, 1). 


у +ҮЗх-4=0 
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Example | AB Find the derivative with respect to x of the implicit function yx +y *3 =2 


Solution Differentiating both sides of the given equation with respect to x, we obtain 


n pl + L j= 70) 


jo ы ут nnm [| 
la, teur di 
(х yy (2a + 2y—) + 2 =0 
р) dx 
дх+ M eate ny 

ix 


dy us 
z Дх $y 
Ts i 4 y) 


dy jx +a" х 
dx yy 


Check Yourself 

| Find 55 by implicit difierentiation, 
a r +ry+y = b xy + = Зх 
с ге =] 

2. Find the equation of the tangent line to each curve at the given point. 
&xy-yti-120(L1 b а Eare ы 


+ я 
C xig!) 94; (1,343) 


Answers 
е cM -3ry b 3-92xy- y" 
x' gg x +2xy 
9 0 3 x 
2a у=-52+5 b E RE c yo + 43 
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. Differentiate the functions. 
а fix) = sin (Sx - 5) 

b. fix) = cos (X - 1) 

& fix) = sinx - совт 

d. fx) = 2tanx + secx 
е. [(х) = sinx-tanx 

Ё fix) = Ivtanx -romy 
g fi = со (Ф*—43х) 


1- casx., 


h. №) C сут М 


CoL x 
1+ ест 


i fize 


1 Дх) = (1 + seex}-(1 - cosx) 


k fix) = апух -x-1 
Lo tox! -1) 
Lf Ami- 


m. fix) = [ах - П 


1. Find the equation of the tangent line to the curve 
at the given point. 


а. y = XOOSX; х= 


X 


2. For what values of x does the graph of 


fix) 9 x + 2 siny have a horizontal tangent line? 


E. Implicit Differentiation 


3, Pind == dy < foreach equation below, 


i died b ay-y-1=0 
c Jtr 05 -30=5 
X 
e 3943/5212 £ x 5у+у= И 
g ry-xy58 h Vu-3-y'-0 


4. Find the equation of the tangent line to the given 


curve at the indicated point, 
a d + Oy’ = 12: (1, -2) 
b. 2x + xy = 3: C1, -1) 


Chapter 7 
SPACE GEOMETRY 


INTRODUCTION TO SPACE GEOMETRY 


AXIOMS OF SPACE GEOMETRY 


In your previous studies, you studied plane geometry. Plane geometry is concerned with the 
definitions and properties of the figures in the plane. However we live in a three-dimensional 
world. Therefore we need to extend our study of geometry to include figures which have 
three dimensions, that is, figures with height or thickness as well as length and width. 


A line is a one-dimensional figure. It has length, but no width or height. Two lines in the same 
plane can be coincident, intersecting or parallel. In plane geometry, the intersection of two 
non-coincident lines is a single point. Perpendicular lines intersect at 90 degrees. 


Definition plane 
A plane is two-dimensional. It has length and width but no height, and extends infinitely on 
all sides. Two planes can be either parallel (with no common points) or intersecting, The 
intersection of two planes is a line. 


Definition - apace 
Space is the set of all points. Space contains an infinite number of planes. 


space geometry 

The geometry of threesalimensional shapes is called three-dimensional geometry or space 
geometry. 

In this chapter we will study lines and planes in space. We will state axioms, definitions and 
theorems about lines and planes. In the proofs of theorems, sometimes we will use theorems 
from plane geometry, We will use plane geometry theorems without proving them. 
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collinear, non-collinesr, coplanar, non-coplanar 

Points which are on the same line are called collinear points. Points which are not on the 
same line are called non-collinear points. In the same way, points or lines lying in the same 
plane are called coplanar paints or coplanar lines. If they do not lie in the same plane they 
are non-coplanar points or non-coplanar lines. 


In our study of space geometry we will use the axioms of plane geometry and the axioms of 
space geometry. The axioms of space geometry are as follows: 


Axioms of Space Geometry 
1, Two different points in space determine a line. 
2 Three non-callinear points in space determine a plane. 


3, In space, there are at least two points on a line and there is at least one point outside this 
line. 


4. А plane which has two points in common with a line contains this line. 


en 


If iwo planes have a common point then there is à common line passing through this 
point (i.e. the intersection of two intersecting planes is a line). 


6. In space, outside a plane there is at least one point. 
1. A plane divides a space into two semispaces. 


We can use these axioms to prove theorems and corollaries about space geometry. 
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1. Relative Position of Two Lines in Space 


Two lines in space can have different positions relative to each other. These can be described 
as follows: 

a. Infinitely Many Intersections 

The lines can be coincident. If two lines are coincident then they have infinitely many 
intersections. ІЁ two lines have two commen points then they are coincident. 

b. One Common Point 

The lines can intersect. From plane geometry we know that if two non-coincident lines 
intersect each other ihen their intersection is a unique point. We have seen that two 
intersecting lines determine a plane, So intersecting lines always have a common plane. 


g с. No Common Point 

| н If two lines have no common points then there are two possible cases: 

і. Parallel lines: Parallel lines are defined as coplanar lines having no points in common 
From plane geometry we know that in a plane, through a point not on a line we can draw 
one and only one line parallel to the given line. Similarly we can say that in space, through 
a point not on a line, a line parallel to the given line can be drawn and this line is unique. 


| i Skew Ines: Two lines are called skew lines if there is no plane which contains both lines. In 
ather words, skew lines cannot be coplanar By extension, skew lines have no commen point. 
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2. Relative Position of a Plane and a Line 


A line and a plane in space can have the following three positions relative to each other: 
a. The line lies in the plane. 

h The line intersects the plane at a unique point. 

с. The line Б parallel to the plane. af Р 


Lire а іы hang ini plane t LIKE d intersects plan f dí Line id ш рагай! to рше а 
a unique poit P 


We can write the fallawing theorems and conclusions concerning the position of a line relative 
to a plane: 


L Ша line d not in a plane is parallel to another line lying in the plane, line d will be 
parallel to the plane. 

2. Ifa line is parallel to a plane, in this plane there are lines parallel to the given line. 

3. Two lines parallel to the same line are parallel, 

4 Two angles with corresponding parallel arms in the same direction are congruent. 

5. [fone of two parallel lines intersects a plane, the other line intersects it also. 
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Proofs 1. Letd be a line parallel to another line m lying in 

plane a as shown opposite. 

Since d and m are parallel lines they determine 

а plane À by Rule 2 for the determination of a 

plane. 

a and À are intersecting planes along line v by 

Axiom 5. 

If d'and o intersect each other, their intersection 

point must be on m by Axtom 3. 

So m and d intersect, ie. they are not parallel. This is a contradiction. 
Tn conclusion, d and @ have no common point, i.e, they are parallel. 
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2, Look at the figure. Let d be a line parallel to a 
given plane a and let A be any point in plane fl. 
Then d and A determine a plane В by Rule 3 for 
the determination of a plane. 

Band a have à common point, that is A. So they 
have а common line by Axiom 5. 

Let us call this line m. 

Both d and m are in D. 


Since d has no common point with B, it cannot intersect m. 
Sa d and m are parallel lines by the rules of plane geometry, 
We can find infinitely many parallel lines as there are infinitely many points А in the 
plane. We can conclude that if à line is parallel to а plane then in this plane there are 
infinitely many lines parallel to the given line, and these lines are parallel to each other. 
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3. Let m, n and d be three lines in space such that 
m jd and m jj d. 
Since m and d are parallel they determine a 
plane œ, and since п and d are parallel they 
determine another plane B by Rule 2 for the 
determination of a plane. 
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gn 


Let A he a point on m. 

Line m and point А determine a plane А. 

Since B and A have a common point A, they have à common line k by Axiom 5, 

We know that m // d. So, m is parallel to D by the Theorem 1. 

Then lines d and k are two lines in plane В parallel to line m. So & and d are parallel. 


By the rules of plane geometry, we can draw only one line through point A which is 
parallel to d. Som and k must be coincident lines, 


Therefore, m and n are parallel lines. 


‚ Let ZABC and ZAB,C, be iwo angles with corresponding parallel arms in the same 


direction. 

Let M and N he any two points on arms BA and 
BC respectively 

On BA, and В,С, take two points М, and N,such — 4) | т 
that M,B, = MB and N,B, = NB. | 

Since BA // ВА, BMM,H, is a parallelogram. | n | 
So ВВ, // MM, and BB, = MM, (1) | и” | 
Similarly BC // B,C, and ВАА В, isa 
parallelogram. 

So BB, // NN, and BB, = NN,. (2) 
From (1) and (2) we get NN, // MM, and NN, = MM, 
So MNN M, is a parallelogram and MN = MN). 
Then by 8.5.8, AMBN and АМ В №, are congruent. 
This means MEN = 2М ВХ and ZABC = ZA BC, 


a 


Let & be a plane and let d and m be two parallel lines such that d intersects a. 
There are three possible cases: a lies in ot or m is parallel to & or om intersects a. 
i, Han is in ex then d will be parallel to a line in a So d is parallel to œ. This is à 
contradiction. 
i. If m is parallel to a then in & there will be a line (for example n) parallel to m. Since 
d // m and m // п, we can conclude that d // n by the Theorem 3. In this case again d 
will be parallel to a, which is a contradiction. Therefore m intersects a. 
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m [fone of two parallel lines ts parallel to a plane then the other line is either in the plane 
or parallel to the plane. 


m If the corresponding arms of two angles are а, 
parallel and in opposite directions, the angles к 
are equal. | x 
m If the corresponding arms of two angles are : is 
parallel and if one pair of corresponding arms P. 
is in the same direction while the other pair is € ^^ 
LI 


in the opposite direction then the sum of the 
angles is 180°. 


LAB + аЙ C, m LACE 


3. Relative Position of Two Planes 


In space, there are three possible cases for the position of two planes relative to each other. 
a The planes can be coincident. 

b. The planes can intersect. 

с The planes сап be parallel. 
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Theorems | —— == 

| 1. Ia plane passes through а line parallel to another plane and also intersects that plane 
then the line of intersection of the two planes is parallel to the given line. 

2. If two intersecting lines in à plane are correspondingly parallel to two intersecting lines in 
another plane, the planes are parallel. 

3. Through a point not in a plane we сап draw one and only one plane parallel to the given 
plane. 

4. Ifa line intersects one of two parallel planes, it intersects the other plane tno. 


Proofs 1. Letd bea line parallel toa plane a, and let fi be 
a plane containing d amd intersecting o along 
line m. 

Then d and m lie in fh. 

Since m is in a and d // a, d and m cannot 
intersect each other. They are also not skew 
because they lie in the same plane. 


Therefore they are parallel. 
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2. Look at the figure, Let о and В be two planes, 
Let m, n he two intersecting lines in à and let 
m n, be two intersecting lines in p such that 
mi m and a // n, 
We need to prove that e and В are parallel, іе. 
that they do not have any common point. 
Let us assume that they have a common point 
and look for а contradiction. 
If œ and Ë have а common point then they will 
have a common line: their line of intersection. Let d be this line, 


Since m and n are parallel to m, and n, respectively, both m and т are parallel to fh 

de B, so neither m nor st can intersect line d. 

Ав а result, since se, m and d are in the same plane, we must have m // d and nif d. 

But in this case, m and m must be coincident or parallel lines. This is a contradiction 
because it is given that they are intersecting lines. 


This means that а and B do not have any common point. Therefore they are parallel 
planes. 
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3. Let o be a plane and let A be a point nat in a. 
We need to prove that 
а. through A, we can draw a plane parallel to a, and 
b. this plane is unique. 
a. First we prove that the plane exists: 
Let d and m be two intersecting lines 
in a. 


Through A we can draw a line parallel 
tod and another line parallel to m. 


Let us name these lines d, and m. 

Lines d, and m, are intersecting lines, 

sa they determine a plane В. 

By the previous theorem, à and В are parallel. 
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b. Now we prove that the plane ls unique: 


Assume that there is another plane [ containing A and parallel to a, and look for a 
contradiction, 


P cannot contain both d, and тт, otherwise it would be coincident with plane B. 
So at least one of d, and m, intersects [f Let d, be this line. 
Since d and d, are parallel, 4 also intersects plane p'. 
This mean that 6 cannot be parallel to a, which is a contradiction. 
So plane B is unique- 
4. Let a and È be two parallel planes and let d 

be a line intersecting o at a point A as shown 

in the figure. 

We need to prove that d intersects |. 

Line d cannot lie in В because d intersects a 

and a // p. 

Any line drawn through А and parallel to B 

must lie in œ, so if d is parallel to p it lies in 


й, 
However, we know that d is not in a. 


Hence there is only one possibility: line d is not parallel to B. i.e. it intersects B. 
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If two plane are intersected by à third plane then the resulting intersection lines are parallel 
| to each other 


oO) - AB 
(Y)XZ)- CD | (given) 


АВС(Х}, АВС) | | " 
j т line of two contains all comma 
FG E i {intersection line of two planes common points of planes) 


In(Z), if ABACDit intersects at a point E 


EEABCU) —ЕЄ(Х) | y i ins all i 
tele Ee | nnn tet prm cto common points of planes) 
Ecija they have common paint E 


This is contrary to the given (X) //(Y) 
Therefore AB does nat intersect CD. [Two lines are parallelif then either lie h a same plane or they are intersected) 


If a line intersects one of two parallel planes then it intersects the other plane too 


161 


Proofs 
Let E €(Y) we draw ЕМ //АВ (One and only one straight line can be drawn parallel! to a given straight line through 
a point outsite the given line) (Parallels Postulate) 
Let (Z) contains EF and AB (There is ane and only one plane contains two parallel lines) 


FB //EM (Theorem 1) 


AB intersects (Y) at M 


If a plane contains one of two parallel lines then the plane is parallel ta the other line 


Proofs 


IF AB is not parallel to (X) so it intersects it at a given point E 
AB /CD 
(X) intersects CD [А plane which intersects ane of two parallel lines then it intersects the other line tao 
This is the contrary ta the given! CD. CU) 
(X) does not intersect AB 
OOM AB 


Е iftwo distinct lines are each parallel to a third line in a space then they are parallel to each other 


Proofs 
Let АЕК 


Let (X) contains L and the point А (There is a unique plane contains a line and a point outside of the line) 
IF EEO) , Sa K will intersect (X) at a point A 


+ (X) intersect R This is imposible (A plane which intersects one of two parallel lines it intersects the other lime too } 
"KC 
In(X) KEAT 

=K intersect Lat a point M 

So we have two straight lines drawn from the point M each parallel toR. 

This is contrary to given [Parallel s Postulate} 
K does not intersect L 

eT 
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[Theorems 4 | The intersection line of two planes is parallel to any line which is contained on 
one of the planes and parallel to the other 


АВ, CDCiX) тит 
CD //(X) 


In (Y), suppose CD intersects АВ 


CD intersects (X). (The intersection line resulting from two intersected planes contains all their 
common points} 
This is contrary ta given CD //(X) 


АВ //CD 
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Coroltary of Theorems If a plane is parallel to a plane and if a line is drawn from a point within the plane parallel 
to the given line then the line drawn lies in the plane 


Proofs 
t CD c(X) 


=> (W intersects CDac 
CD / /AB (Given) 


=> [X) intersects AB (A plane which intersects one of two parallel lines it intersects the other line to) 


This is contrary to the given that 
AB / /(X) 


= cD does nat intersect (X) 


| Example | 1 lf two intersected planes each contains one of two parallel lines then the intersection line af 
the planes is parallel to each of the parallel lines 


ne prem Given 
CD (У) 


AB / / (Y) Theorem 2) 
AB c (X) (Given) 
AB / [ЕЕ (Theorem 4) 
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Perpendiquiarity of Lites and Planes 


А line is perpendicular to two intersecting lines at their intersected point if it is perpendicular to their plane 
А line is perpendicular to a plane if it is perpendicular to all lines in the plane through its trace 
There is one and only one straight line can be drawn perpendicular to a given plane from a given point 


Let C be a point, so either C g [x)orC e (X) 

There is a unique line L Passes through the point С such that 1 (x) 

The line AB is inclined (oblique) ta the plane if it intersect the plane and it is not perpendicular ta it. 

if AB (X) = іс) and ABis not perpendicular to (X) then ABis inclined to (X) 

Note: ABis not perpendicular to (X) if ABis inclined or parallel to (X) 

The length of a line segment drawn perpendicular to а plane from a given point to the trace is called the 
distance of the point ta the plane 

AB is the distance of the point A ta (X) 


^ The Length of the line segment bounded by two parallel planes and drawn perpendicular ta the planes is 


called the distance between two planes 
it (X)/ /(Y), AB L (X), АВ L (X) Then AB represents the distance between (X) , (Y) 


If a line is perpendicular to ane of two parallel planes it is perpendicular to the other plane tao. 


Two planes are parallel if they are each perpendicular to a straight line 
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| Theorems 5 If a plane is perpendicular ta one of two parallel lines then it is perpendicular to the other line too. 
| 


Ср (x) = {Р} (Thearem 1) 


Proofs 


In (X) we draw ВЕ,ВЕ 


DG//BE| _ . | 
And .—. f Perales Paostulate) 
DH / /BF 


mezABE = m«CDG 
пп АВЁ = m«CDH 


(If each two sides of an angle is parallel to two sides of another angle then their measurements of the angles are equal 
and their planes are parallel) 

АВ L (X) (given) 

AB LBE,BF 


me ABE = maCDG = 90 
гп АВЕ = m«CDH = 90 


CD 1 (X) 


Corallary af Theorems If two lines are perpendicular to a plane then the lines are parallel. 


Proofs 
if ABis nat parallel to CD then 


From D е (X) we draw DE if AB (Parallel s Postulate) 
АВ 1 (X) (given) 


DEL (X) (theorem 5} 


166 


CD 1 (X) (given) 


There are two lines both drawn from D perpendicular to (X) it is ipmossible, because there is one one and only one 
line can be drawn perpendicular from a point to a given plane 


rot 


DE=DC 
АВ / /СО 


Theorems 5 (Theorem of the line perpendicular) | 


lf two lines are drawn from a point in a plane one of them perpendicular to the plane and the other perpendicular to 
a given line within the plane, then the join line between any point of perpendicular line to a plane and the point of 
intersected lines is perpendicular to the given line in the plane. 


Proofs | 
From point B we draw BF / / CD (Parallel s Postulate) 


CD с (X) given) 


=> BF c (X) (if two lines are parallel then the plane which contains ane of the two lines and a paint of the other line 
contains the two lines} 


BE LCD (given) 

BF LBE (in a plane, a line which is perpendicular to one of two parallel lines is perpendicular to the other line too) 
AB 1(Х) (given) 

NB LBF 

BF 1.(NBE) 

CD L(NBE) (Theorem 5) 

EN.LCD 


The same way we can prove that any line joining a point of AB and the point E, is perpendicular to CD 
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If two lines are drawn from a paint outside of al plane, one fo them perpendicular to 
the plane and the other line perpendicular to a given line in the plane, then the join line 
between the traces af two perpendicular lines is perpendicular to the given line in the 
plane 


Proofs 


t BE is not perpendicular ta CD sa fram the point В we draw NB L CD (There is ane and only one perpendicular 
ling can be drawn to a given line fram autside point) 


АВ L (X) (given) 

AN і CD (Theorem 6) 

AE LCD (given) 

AN s AE (There is one and only one perpendicular line can be drawn to a given line from outside paint) 
NsE 

BE «BN 


BE =CD 


SOLVED PROBLEMS 


1) BCD right triangle at B, A is a point outside of triangle plane such that ACS CD, AB=BD. Prove that BC is 
perpendicular to a triangle ABD plane 
Proofs 
In triangles ABC, BCD 


AB - BD (given) 

AC = Ср (given) 

BC is common 

sABC =.BCD 

m«CBD = m«ABC - 90 

BC 1 BD (m«BCD - 90" ) (given) 
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ВС1АВ (гп АВС = 90° ) (proved) 
BC 1 (АВО) 


T) AB is a diameter of a circle whose center is О, c is a point on the rele, CDis perpendicular to circle's 


plane. Prove that AC 1 (BCD) 
Proofs 


AB is a diameter of the circle (Given) 
m«ACB = 90" (А circumference angle drawn in a half circle is right right angle) 
AC LBC 
CD 1 (ABC) (Given) 
AC LCD 
AC 1 (BCD) 
2) ABC is right angle triangle at B, AE (АВС) , D is midpoint of CE, N is midpoint of AB. Prove that 

AB LND 

Proofs 
Let M be a midpoint of AC 
Dismidpointof (given) 
Mis midpoint of (given) 
MD / / AE (The segment line joining between two midpoints of two sides of a triangle is parallel to the 
third side) 
MN/ /BC (the same reason) 
AE/ /(BCD) (given) 
MD / J (BCD) (Theorem 5) 
<В is right angle (given) 
AB LBC 


MN LAB (in a plane if a line is perpendicular to one of two parallel lines, it s parallel ta the other toc) 
Mc (ABC) 

=>МО 1 (АВС), MN1 AB , АВ с (ABC) 

=> AB 1 ND (Theorem of perpendicular] 


Е БХЕКЫБН, 228 


1] ABCis right angle triangle at B, АВ=4ст, ВС=3ст, cD 1 (ABC) such that CD=12cm, Find the length of 
AD 

2| Prove that if two lines are each perpendicular to two intersected planes then the lines are not parallel. 

3| In ААВС, m«A = 30 , BD 1 (ABC), BD = 5cm, AB =10em if BH LAC then find m«xBHD 


169 


rm lap 
2, A (OS 
aXe Үз ы, E 
<, а tbe 
с r] ўа == | 
| а, xt 1t, а. 
Lá a | 


— A | b | 
: © 24 Ed / 4. e d | «з, lo Ајы К 


Chapter 8 
PERMUTATION 
COMBINATION 
PROBABILITY 


~~ PERMUTATIONS 


We can define a permutation as an ordered arrangement of some or all of the elements in a 
given set, The way a set of books is arranged on a shelf, the seating positions of a group of 
people аі a table or the way the players in a football team line up for a team photo are some ex- 
amples of permutations since in each case, the order of the elements is important, 


A. FACTORIAL NOTATION 


EXAMPLE | 


Solution 


When we are solving permutation problems, we often need to express the product of all 
consecutive counting numbers from | to a number п. Factorial notation provides an easy way to 
denote this product. 


factorial 


For any counting number n, the product of all positive integers less than or equal ta mis called 
n factorial and denoted by tl: 
"uzm-im-1)..-2.1 


For example, 3! = 3.2.1 = бапі 5! 2 5.4. 3.2.1 = 130. 
As a special case we accept that 0! = 1, 


Evaluate the expressions. 


а. 7 b. 61-3! c. (6-3)! d. 41+ 21 
И 8! 8 
e (449)! 8! s) 
IT i G 
a 7127.6-5.4.3.2. 1 5040 
b. 61-3! = (6-5:4.3.2- D -(3:2- 1) = 720-6 =714 
с. (6-3) = (3 «3 *3-2-1=6 


d. 4 42/2 (4.3.2.1) + (9.1) 2 34 9 = 96 
e. (442) = (126-5-4-3.2.12 790 
Bl 87-654 ddd 
4 AAE 


| [К |+-@=з-1-> 
4) 


mS: 76-5 = 1680 


жа 
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= 


a: 


Solution 


For all positive integers, n! = n(n – 1)! 


For example, 7| — 7-6-5-4-3-2-1— 7-61. 
Asa result of this property, we can write 
mel = nt - D! nin - Din - 2)! = n(u- 16 - Xn -2)m- 3) ete. 


Exaluate the expressions. 


ES 3 Simplify the expressions. 


Solution 


| (n - 1) 


9l 13! ! 101+ 81 
= hte ‚ 1001—90! З 
т Т tn = 

M SA и 
си. 
131 13-12-44... 
b. x e 156 
c. 1001—99! = (100. 991) - 99! = 991100 -1) = 99. 991 
IOL+8! _(10-9-8-71)+(8-7!)_ 7N10.0-8-8) 728 
9r- 7| (8.8.713—71 7W0)8-1 71 
" н! b (r3) (n-2) (n 1)! 
(n - 1)! ^o (n-DE ine2) (0-9) 


a! s 

уг" 

p (9+3)! a- (1+3): QE (0-21 (n3) 
(4-ТИ (нж)  (n-1)- (n=)! mraji m- 1) 
(n+) 
n4n-2)0 


UT - Ds m2 
жен) 


ака) Пе -i 
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(л +2)! 


Salve — = би 19, 
EXAMPLE / РУТЕ ТИ 


(032) — _(п+2)-(и+1}-п-(п-1)-(#-2)-(-3)! 
(i -min-l nin” -14m-3) 


Е (м8) (в 9). ai- Сает) - (mT) -al 
5 (nT) (nT) (nS)! 


=(m+2)-(n-2)=n° - 4. 


Solution 


боп: 4 = Gr - 12, which gives i - Gg + 8 = 0. 


e e e C e This equation has two roots: t= 3 aril tig = 4. 
9 | 


Bernernber! | Since the first root makes (u - 3)! invalid, т = 4 
lis the factorial expression | 


rar mist he à enunting | Ы 
numer. Check Yourself 


]. Exaluate the expressions. 
a М! p 181-14! 5 (n*2)(n- 1M 
10131 151+ М! CERNEI 
2. Solve forn. 
„ (n+l)! (n-2) 


. QUI b. a(n? - Dn -2) - 730 
п Hi 
Answers 
панов a t ged 05 
В " 
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В. PERMUTATIONS OF г ELEMENTS SELECTED FROM п 
ELEMENTS 


EX 5 


Solution 


Definition 


Many permutation problems ask us to consider arrangements of r things chosen from m things 
ID sr € 1), ie. permutations of elements chosen fram a set of 1 elements, 


P(n,m) = 


al T 
How many different two-letter combinations can we form from the letters of the word KANO 
if a letter cannot be used more than once? 


The arder of the letters is important and a letter cannot be used more than once. By the 
multiplication principle, the number of combinations is: 4 - 3 = 12. These combinations are 


In this section we will use a new formula to solve problems of this type. 


permutation af r elements selected from л elements 


The number of permutations of r elements selected from a set of t elements is 


e e e et If we apply this formula to Example 39, we can write the answer as. 


Same books use „Pp ar 
| P to mean Pe, n). 


EXAMPLE b 


Solution 


Note 
Any question which can be solved using this permutation formula can also be solved using 


the multiplication principle, 


Calculate P(5, 3). Е. 2). 


п жей 
PG, 3)- (1, 2)= == SUNT: EU RE 
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| EXAMPLE 7 


Solution 


Solution 


Solution 


| exampce 10 


Solution 


Evaluate the expressions. 
а. P(7, 3) rius п) cPu 


Tt 76-5. at 
MDa a ar cm 
n! — ml al 
b. =е———=——=———= 
Аме (n- ml И 1 * 
n! m! 
© Дв, 9s Si 


Pin, 33-5 = Pin, 4) is given, Find n. 


Pin, 3)- 8 = Pin, 4) 
ЭТ м. 2 
(n-3 (8-4) 

5 TER. 

(n-3). (md (1-45 


5-nn-3 


п= в 


How many three-digit numbers can be formed from the digits in the number 13567 if a digit 
cannot be used more than once? 
We are choosing three digits from five digits. So there are 


(Bb 543-2 
N53 (5-3) of 


Notice that we could have solved the same question using the multiplication principle: 
5-4-3 = 60. 


= 60 different three-digit numbers. 


Three raffle tickets will be selected in order from a box containing 30 tickets. The 
person holding the first ticket will win a car, the person with the second ticket will win a 
computer, and the person with the third ticket will win a CD plaver. In how many different 
ways can these prizes be awarded? 


Since the question is about an ordered arrangement of three tickets selected from thirty 
tickets, we can use the formula; 


30! _ 301 _ 30-29-28-971 _ 
P(30, 3) = G0 - 3! 97! a 24360. 
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Remark 
The number of permutations of r elements selected from n elements is the product of r 
successive numbers less than or equal to n: 


Pin, r= ain- D-(2-2) (0-741). 


r actors 
For example, 
P(5, 4) = 5-4-3-2 = 120, P(10, З) = 10-9-8 = 720 and P(20, 1) = 20 = 20. 
ert a at 
4 ciom 3 factors ritor 


| EXAMPLE | 11 A fighter plane has seats for a pilot and а copilot. In how many 


different ways can these be selected from a squadron of 18 soldiers? 


TT 18, 2)= 18-17 =306 
Solution "d Tim 


12 How many different combinations of at least 3 letters can be formed from the letters in the 
word MATHS if по letter can be used more than once? 


Solution ‘At least 3 letters’ means the combination can have 3 letters, 4 letters or 5 letters. So we need 
ЕТСЕ to consider three mutually exclusive cases; combinations of 3 letters, 4 letters and 5 letters. 
Mutually exclusive cases 


ane cases which cani 
boppen at the same time. 


Then we add the number of permutations in each case: 


PIS, 3) + Р(5, 4) + POS, 5) = (5.4.3) + (5. 4-32) + (84 3:2. T) 
Pier vend ler words ит ятй = [уу + 120 + 120 = 300. 


So there are 300 possible combinations. 


ТҮЛИ 13 tema's bookcase has three shelves. Kemal has 5 different math books, 8 different biology 
books and 7 different physics hooks. He wants to arrange 3 math books, 4 biology books and 
5 physics books on the shelves so that each shelf is for one subject only. In how many different 
ways can Kemal arrange his books? 

Solution There are F(5, 3) possible ways to arrange the math books, There are also P(6, 4) and PIT, 5) 

different possible ways to order the biology and physics books respectively, 
However, Kemal can choose the shelves for the subjects in 3! ways. As a result there are 
P(5, 3) - P(G, 4)- P(T, 5) - 31 = 60- 360- 840.6 


lu il M, I i 


= 108 864 000 ways for Kemal to arrange his books. 


176 


Solution 


A three-digit number is formed by choosing elements from the set (1, 3, 4, 5, 7, В, 9} 
without repetition. 


а How many numbers do not contain the digit 5? 
b How many numbers contain the digit 5? 
c How many numbers contain | or 7 or both 1 and 7? 


a The problem is the same as finding the number of three-digit permutations of the set 
11,3, 4, 7, 8, 8) (5 excluded): P(6, 3) = 6-5-4 = 120. 

b. The total number of three-digit permutations of the set 11, 3, 4, 5, 7, 8, 9} is 
P(7, 3] 2 7. 6.5 = 210. From part a, 120 of these permutations do not contain the digit 5. 
So there are 210 — 120 = 90 three-digit numbers which contain the digit 5, 

e. We begin by calculating the number of three-digit permutations in which 1 and 7 are nat 
used: P(5, 3) = 5-4. 3 = 60 permutations. So there are 210 - 60 = 150 three-digit 
numbers which contain 1 or 7 or both | and 7. 


Check Yourself 

1. There are 7 different pieces of fruit on a tray. We will choose 3 of them and arrange them 
in a row on a plate. How many different arrangements ате possible? 

2. The students in a class are photographed in pairs such that each student is photographed 
with every other student. If there are 90 photos, how many students are there in the class? 

3. A machine generates all the possible two-letter combinations of the letters ABCDE, 


without using a letter twice. What percentage of the combinations do not contain a 
consonant? 

4, How many of the four-digit numbers formed from the digits of the number 12345 
without repetition do not begin with the digit 2? 

б. Agroup А contains 6 students and a group B contains 8 students. In a class photo, two stu- 
dents who are to sit in the front will be from A and three students who are to stand at the 
back will be from B. How many arrangements are possible? 

Answers 

1. P(7,3) 2210 2.10 3.109 4 Р(5, 4) - Р, 3) = 96 5. P(G, 2) - Р(8, 3) = 10080 
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A. Factorial Notation 
1, Write 24-23- 22-21 - 20. 19 using factorial no- 
tation. 


2. Evaluate ST 
514- 6l 


101- 2.8! 


3, Evaluate —— — —.. 
(51-3. 30.71 


4. Simplify the expressions. 


n! (n4 2) 4 (n 4 T)! 


* (n-2) 


Qu2)! (n-D) 
© n-i (n+)! 


2-n Gu LI 


B. Solve the equations. 


(n а oan 
EUN N uu t 
(п +1)! _ 
" Tm m 


6 Simplify (1:1) 4 (2-204 (3:31) +... + (nml). 


B. Permutations of r Elements Selected 


from n Elements 
T. Evaluate the expressions. 


a. P(11, 2) b P(8, 3) - Р(5, 4) 
Pn, 4) 1 24 3i N8 3 
Pin, 3) | Рб, 3) 

5 P5, 5) 

AG 


B. 


10. 


13. 


12, 
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How many different five-digit numbers сап be 
formed by using the digits in the number 75491 


once? 


. In how many ways can a group of 7 students be 


seated in а row of 7 chairs if à particular student 
insists on being in the first chair? 


In how many different ways can we name a 
regular pentagon using letters P, Q, ft, 5, T? 


Seven people will he in a group photograph. In 
how many different wavs can the photograph be 
set up if 3 peaple must be in front and 4 must be 
at the back? 

A group photograph will be taken of à boys and 5 
girls. Five people must be in the front and 5 
people must be at the hack. If the girls must sit to- 
gether, in how many ways can the photograph be 
taken? 


__COMBINATIONS 


When the order of the elements chosen from a set is important, we use permutation. However, 
order is not always important when we are choosing elements. For example, we may want to 
choose a certain number of people from a group to form a committee. The order of the chosen 
members is not important since the result is a group of people, not an ordered set, An un- 
ordered selection of elements like this is called a combination. 

When we talk about a combination of n objects taken r at a time, we mean the r-element 


f $ ( $ $ subsets of а set with » elements. We write total the number of such combinations as 
An r-element subset іва 
аы wilh r elements. 


Cin, ғ) or "| (n,reZand srs wi, 


Гог example, if we are asked to choose two digits from the set (2, 3, 3}, we might choose 
(3, 5} or 15, 3}. These are the same combination, This is very different to the problem of 
forming a two-digit number using the digits 3 and 5 because 35 and 53 are two different 
(UECOTTIeS. 


A. COMBINATIONS OF r ELEMENTS SELECTED FROM n 
ELEMENTS 


Consider the set K = 11, 2, 3}. Let us compare the 
two-element combinations with the two-element — 


permutations of the set К in а table: Contin пра 
(1,3] i2 a» 
12. 3l 23 32 
11, 3] 13 al 


We can see that the number of permutations with two elements is twice the number of the 
combinations with two elements: 2. - СУЗ, 2) = P(3, 2). 


If we now consider the 


three-element combinations with 3 elements Permutations with 3 elements 


and permutations of the se la. b, c) ак ach ыс bea œb — cha 
A= {mbc dh wegetthe fo 5 a аы adb Bad Wa dib а 
Fini ae (a.ed) aed ай cod cda doc dea 

(bcd) bed bde см cdb dic dcb 
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There are four combinations and 24 permutations. We can see that the number of permuta- 
tions with three elements is 3! times the number of combinations with three elements: 3! - 
СА, 3) = РЯ, 3). 
Ш we repeated this exercise for two-element permutations and cambinations we would find 
21. C(4, 2) = P(4, 2). 
We can generalize this pattern as 
Dm r) - rl =, v), which gives us the formula 
—Ó —— 
LU санад үг чый dr 
ue CENE 
Pin,t) y nl 
TI s —— z-———ÀX——————. 
909 r! т!  (n- тнт! 


Let паліт be non-negative integers such that 0 5 r < m. 
A subset of r elements chosen from a set of n elements is called ап r-element combination of 


| that set 
Cin, r] 8 sometimes ; : TEN ин Ff 
е C, The number af r-element combinations af a set of z elements is 
d C oc. Cn, т) = а (mrez амі 0<т<т). 
т | | rl-(2-r 
gU issometimes ай | 
| aS. 


is, choose ri 


13 catcuiate cvs, з). 


By the formula, ов) 8 ВТА eg 


Solution St-(B-3)! 3-5! ^I - 5l 


| EXAMPLE | 16 Evaluate C(12, 5) - C(7, 2). 


Уос. EE E 
Solution ^ dai 502-5) 97-9 SA 2055 51-01-51 


_ YÉ 1-10-9-8-7-6. pf 


: 211.2.0.3.7-6 = 16632 
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17 Find the number of groups of 3 students which can be chosen from à class of 10 students. 


Solution The number of such groups is СТО, 3) = ————— sai ТЛ ү} 


18 There are 8 fruit pieces of different kinds including an 
apple on a tray. How many selections of 4 pieces of fruit 
ean we make if we have to Include the apple? 


Solution If we have to include the apple, we need to select three 
pieces of fruit from the seven remaining: C(7, 3) = 35. 


| EXAMPLE | 19 There are 10 players in a list. А basketball coach will choose 6 players from the list for a school 
team and make one of them the captain. In how many ways can the coach form the team? 


Solution The coach can choose 6 plavers in 210 wavs (с) = may 


Additionally, any one of these six chosen players can be the captain. By the multiplication 
property, the coach can form the team in C(10, 8) 6 = 1260 ways. 


20 In à group of 8 children, 4 children will be given apples, another 3 children will be given or- 
anges and the rest will be given peaches. In how many ways can these fruits be given? 


9 
We can choose four children from nine in | | | wars and from the remaining five children we 
Solution 4 


сап choose three in | | ways. There will only he one way to choose the other two children. 


3| [5 
5o the total number of possible groupings is (| H '1 = 1280. 


Note that we can also solve this problem by treating it as à permutation with some identical 


elements. 
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pm 


Solution 


EXAMPLE 22 


Solution 


E23 


Solution 


A cafe offers chocolate, lemon, sour cherry and vanilla 
flavors of ice cream. A customer can choose one, two or 
three scoops but the flavours must all be different, How 
many different possible ice creams сап a customer 
order? 


There are four types of ice cream. 
The number of possible ice creams is ЖУ =4+6+4= 14. 
Notice that 


i) t) nw ег) 


Classes 10A and 10B have 12 and 18 students respectively. A basketball team of 5 players will 
be formed by choosing 2 students from 10A and 3 students from 108. How many different 
teams can be formed? 
The basketball team has five players. 

12 
We can choose 2 students from 12 students in | 9 | ways. 


We can choose 3 students from 18 students in H Ways. 


Se the team can be formed in MIN =66-816= $3856 ways. 


How many three-digit numbers abe can we write which satisfy the condition с < b « a? 


Notice that the digits a, b and c must all be different. So any three-element set of digits 
[а, b, с} will be enough to form a valid number, because we can just arrange the digits to 
satisfy the condition. For example, the digits set is 10, 1, 2, 3, 4,5, 6, 7, 8, 9} and from the 
chosen subset (3, 5, В} we can form the number 853. So we just need to find the total 
number of three-digit subsets of the set of digits: C(10, 3) = 120 different numbers can he 
formed. 


182 


24 A watchmaker has 7 different jewels. He wants to 


à DL / 
choose four of them to decorate the quarters Me ti : 
(3, 5, 9, 12) on the face of a clock, How many | "m ‚ Mi 
different decorations are possible? sl ` 


7 
Solution The watchmaker can choose four jewels in И different ways and set them around Ше quarters 


1 
on the dial in 4! different ways. So the total number of possible decorations is |+ = 840. 


(Notice that we cannot use circular permutation in this problem. Сап you see why?) 


25 Seven points are given as shown in the adjacent figure. Mi 


а. 


er 


Solution a. 


How many lines can be draw which pass through at least is in _ 
two of the points? -— 


‚ How many triangles can be formed using the points as 


ett [Is LIII E 


vertices? 
‘Two lines are already given, There are three collinear points on the top line and four collinear 
points on the bottom line. Other lines can pass through one of the top and one of the bottom 
points, There are 3-4 = 12 such lines. Including the top and bottom line, there are 12 + 2 = 
14 possible lines. 


‚ For any triangle we want to draw, there are two cases: Whew 


Case 1: A side is on the upper row and the vertex is a point 


on the lower row: Since two points determine a side, there 


can he pE = 12 such triangles. 
Some af them are shown in the figure. 


Саве 2: A side is on the lower row and the vertex is on the 


2 
Some of them are shown in the figure. 


In conclusion, we can form 12 + 18 = 30 triangles. 


upper row, There are ME =18 such triangles. 
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А. Combinations of r Elements Selected 4. List all the three-element subsets of the set 


from п Elements 


1. Evaluate the expressions. 


G 2 (lh, lm, mr). 


a C4, 2) 
b. Сб, 2) + Cí8, 3) 5. How many subsets of at least 4 elements does the 
2 А74) set К = [ж в, D, O, №, @} have! 

~ 07,4) 


е aaeb) 
69-4 


2. Simplify the expressions. 
p, Cin, 3) 
K 


а. 2C(4, 2) e. Cim, 2) + Сл, 2) 


3. Solve the equations. 


How many of the three-element subsets of the set 
Н = {a, b, e, d, е, include the letter e? 


‚ In how many different ways can one novel, one bi- 


ography and one poetry book be chosen from 3 
novels, 4 biographies and 5 poetry books? 


. snow White wants to choose 3 of the 7 dwarfs to 


clean her house. How many different groups can 
she choose? 


. A computer programmer wants to set a key 


combination for an operation in a program. For 
this purpose, he will use two of the keys Shift, Ctrl 
or Alt together with one of 26 letters. How many 
different key combinations can he choose from? 


 C(n, 3) = 15 һ[®|+эо—|® 
э. ш: 
i ea Jen 10, In a group of 10 people, everybody shakes hands 
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with everybody else. How many handshakes are 
there? 


DINUMIAL EAP ANDI 


A. PASCAL'S TRIANGLE AND BINOMIAL EXPANSION 


Look at the picture opposite. A mouse is moving from 

circle to circle from left to right across the page. After 

each circle there are two wavs for the mouse to 

proceed: right and up or right and down. The 

number in each circle is the number of @ | 

ways in which the mouse can 

reach that circle. 

The int Ж. & Е - 2 
ле numbers in the cireles 

show a pattern which is known N 

as Pascal's triangle. This triangle nh 

has many interesting properties, To 

understand them, let us move the 

triangle to an upright position. 


N 


UN 


e o ө e 
FAR WZ х 
© © © — 9 


/ 
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A сошыйпї term in an 
expression is а tera that 
does not change with the 
variable 


First notice that each row begins and ends with 1. 


Secondly, notice that the sum of any two consecutive terms in а row gives us the term between 
them on the next row. For instance, the number 15 marked in red in the sixth row is the sum 
of the 10 and 5 located above it. We can extend the triangle infinitely downwards by using this 
rule. 


Notice also that the first row is row zero. For convenience, when we count the positions of the 
numbers in each row we also begin with zero (not 1). For example, number 21 marked in 
green is the second entry (not the third entry) in the seventh row. The entries in Fascal's tri- 
angle are related to the coefficients of the expansion of a binomial with a non-negative integer 
power, To understand the relationship, look at some binomial expansions with the first few 
powers and notice their coefficients. 
(a+b) =| 
(a+b)'=a+b 
ES ES 
(a b) =a" + 20b b^ 
= 14°  2ab 4 b^ 
(a— by =a" -Ja b+ Bab? -h 
= la? - 3a! b + tab? - 1p? 
(x4 23) =y" + 87у +944 38x" +161 
= lat + 4x (2) +E (дуу + Arlay + ду 
We can see that the coefficients in each expansion are the same as the entries in the 
corresponding row of Pascal's triangle. 


The expansion of a binomial expression to the 2" power has the following properties: 

= There are s + 1 terms in the expansion. 

= The coefficients of the terms in the expansion correspond to the entries in the n? rw af 
Pascal's triangle. 

= The power of the first term in the binomial expression begins at т in the expansion and 
decreases by | in each term down to zero. 

> The power of the second term in the binomial expression begins at zero in the expansion 
and increases by 1 in each term up tan. 

= In the expansion of (x + y)". the sum of the exponents of x and y in euch term ів n. 

= The sum of the coefficients of an expansion can be found by substituting 1 for each variable 
in the binomial expression. 

> If the binomial expression is a polynomial then substituting zero for each variable in the 
binomial expression gives us the constant term of the expansion. 
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8711126 


Solution 


pm 27 


Solution 


pm 28 


Solution 


211129 


Solution 


2171130 


Solution 


How many terms are there in the expansion of (x + p? 


Since the power is 12 (n = 12) there will һе п + 1 = 13 terms. 


Expand (2x + yy. 


The primary cocfiicients of the terms in the expansion will be the entries in the sixth row of 
Pascal's triangle: 1, 6, 15, 20, 15, 6, 1, 
The first term of the binomial is 2x. To avoid any mistakes, let us keep 2x in parantheses to 
begin with: 
(2x 4 yl? = (2x + Б@туз + 1500): + 20x + Lary? + 2 + ah 

= 64x" + b(32x*]y + LSC Gx y* + 20K 8 19-415! + Бол? + a! 

= 641% 192:*y  240x*g* + 160°? + 80:3 + 1905 + y. 


Expand (x! - Зу): 


We will use the entries in the fourth row as the coefficients: 1, 4, 6, 4, 1. IF we write 
consider (x* ~ 310)" as (x? + (-3y))' then 
(x? - 3y)* = Q3) - A979 A 6G - 300) Gy + (Y 

=at- Aye Gy! - Axc27y + Bly! 

= 18 – 18:5 + 54xtyt- T08x*y + Biy”, 


(4 


Use the seventh row: 


CES zene( 1] үз [1] ea | +2n'(2) ORA 


1 1 1l 
=n Tw Lontan TAa + Pe y aes Be 
n п = "n - m x 


=n Tn +h mu 2 pp 


Find the sum af the coefficients in the expansion of (Ax + 7°. 


If we substitute 1 for each variable in (3x + y^ we get (3- 1 + 1? = 4^ = 4096. 
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31 Find the constant term in the expansion of (Tx + 3)*. 
Solution Substitute zero for each variable in (7x + 3): (7-0 4 3 = P = 243. 
Check Yourself 
Expand the binomials. 
1 a 
Lix4y* 2 |= ; 3.(2 - 4By 


Answers 3.1 
1 Biri + 1ORey 54r exi) + 0. reite 3.232- 164.9 


B. FINDING BINOMIAL TERMS USING COMBINATION 


A laboratory mouse has heen exposed to five types of virus. A scientist wishes to find out how 
many viruses are now present in the mouse. In how many ways could the mouse have been 
infected? 
Infected with no viruses: С(5,0) = 1 (mouse is clean) 

Infected with 1 type of virus: = C(5,1) = 5 

Infected with 2 types of virus; — C(5,2) = 10 

Infected with 3 types of virus: — C(5.3) = 10 

Infected with 4 types of virus; С 4) = 5 

Infected with 5 types af virus: — C(5.5) = 1. 
Can you see (he similarity between the number of combinations and the entries in the Bfth 
row of Pascal's triangle? 
Perhaps one of the most interesting characteristics of Pascal's triangle is its relationship with 
combination. We can describe this relationship simply: entry number r in row n is the 
number of subsets of r elements which can be taken from a set with n elements. 
This gives us another interesting characteristic of Pascal's triangle: the sum of the terms in 
the n" row of the triangle is 2" (can you see why?). 
The symmetrical property of Pascal's triangle can also be related to the combination rule 
i. M (m rel and üzrzm). 


T 
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For example, the third entry in the eighth row of the triangle is the same as the fifth entry in 
the same row since C(B, 3) = C(8, 5) = 56. 
Let us no redraw Pascal's triangle using combination: 


le ; 


Б 6 
0 1 | | 
Using the above triangle, we can generalize the expansion of a binomial to any power n as 
ooo Geen Cr] 


Notice that the coefficient 1 in the first and last terms of the expansion is obtained from H 
and | respectively, 


32 Expand (x + y)° using combination, 


Solution (+) nw teats eee rer 


= x5 Вау + 1542 + 20x! + I5x*y! + Gry! + y! 
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33 Expand (2a - by. 
Solution (92-07 = (Заў + (Fea [jeo ea [eona (За) (Бу +b 


= 324° –5:16а'0-+10- Ва? - 10- 4e +5-2ab! - b^ 


= 322^ — Büa b + 80а? — 10а! -- 10ab! – 2" 


LENA: c 
Solution (1 1)» Cere ege 
CIEN 4) 


=й +1] Leas Tear Tal Lian aa 


x e+e vafe ERR a = iat 


x 


The relation between combination and Pascal's triangle helps us to calculate any particular 
term in a binomial expansion without writing out the entire expansion, 


For example, suppose that we are asked to find the third term in the expansion of (x - 25. 
Using our knowledge of the properties of binomial expansion, we can sav that 2y will have ex- 
ponent 2 in this term and x will have exponent 1 since the sum of the exponents must he 3. 
Now we only need to find the coefficient, which we can calculate as B =à. 


So the third term is (jo = 3x-4y' = 194°, We can easily check this against the full 


expansion: (x - 29)? = v- &x*g + ]2xy* - By". 
We can formulize our findings as fnllows: 
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The 1^ entry in the expansion of (x + 4)" is , Я үш E d “(ee 


33 uiui iia iiu de expansion of (a + b), 


O Subniuteg = 19 ann = tn the бий: | 12 pe = Баир, 
Solution 8-1 


| EXAMPLE. 36 Find the sixth term in the expansion of (2x + y". 
Solution We will usen 2 8 andr = б. бот- 1 = Sand the sixth term is 
ЧЕЛ -126- 16x j^ =2016zx"y’. 


37 What is the coefficient of the fourth term in the expansion of (2x - Ayy? 


Solution T= 3meansr- 1 = 3. So the fourth term is [exc = 35.162 (-64)y". From this 


we can caleulate the coefficient to be „35840. 
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__ PAUDADILITY: 


experiment, outcome, sample space, event, simple event 

Ап experiment is an activity or a process which has observable results. For example. rolling a 
die is an experiment. 

The possible results of an experiment are called outcomes The outcomes of rolling a die ance are 
1, 2,3, 4, 5, oF B. 

The set of all possible outcomes of an experiment is called the sample space for the experiment. 
The sample space for rolling a die once is 11, 2, 3, 4, 5, 6), 

Ап event is a subset of (or à part of) à sample space. For example, the event of an odd number 
being rolled on a die is 11, 3, 5}. 

If the sample space of an experiment with s outcomes is 5 = ie], ёо, By, Bà... I^ then the 
events {е}, ieot, 183], ..., teg) which consist of exactly one outcome are called simple events. 


| EXAMPLE 6: | What is the sample space for the experiment of 


tossing a coin? 


Solution There are two possible outcomes: tossing heads 
and tossing tails. So the sample space is (heads, 
tails}, ar simply 1H, T]. 


39 Write the sample space for tossing a coin three 
times. 


ИН 


Solution The sample space is (HHH, HHT, HTH, HTT, THH, ТНТ, ТТН, TIT}. 


ЕТЕДО т: sample space for an experiment is (1, 2, 3,4, 5, 6, 7, 8, 9). Write the event that the result 
is a prime number. 


Solution The event is (2, 3, 5, 7]. 
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Definition 


The union of two events A amd B is the set of all outcomes which are in A and/or B. It is de 
noted by A u B. 

The intersection of two events А and В is the set of all outcomes in both A and B. Ii is 
denoted by А (s B. 

The complement of an event A is the set of all outcomes in the sample space that are not in 
the event A. It is denoted by A’ (or AT). 


Au ing X 
{шийит ed A and E) (intersection of Алиш В) (earmpbement af 4) 


AA Consider the events A = {1, 2.3, 41 and B = 14,5, 6} in tbe experiment of rollinga die, Write 


Solution 


the events А ы B, A A B and A’. 

The sample space for this experiment is | 1, 2. 3, 4, 5, 6}. Therefore, 

AUB = (1,2, 3, 4, 5, 6) (the set of all outcomes in events A and/or B); 

Am = {4} (the set of all common outcomes in A and В}; 

A' = (5,6) (the set of all outcomes in the sample space that are not in event A), 


mutually exclusive events 


Two events which cannot occur at the same time are called mutually exclusive events. In other 
words, if two events have no outcome їп common then they are mutually exclusive events. 


A and Bare muria exclusive events. 
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For example, consider the sample space for rolling a 


die, The event that the number rolled is even and the "d Aa 2 D 

event that the number rolled is odd are wo mutually 222,477 At Ed 
exclusive events, since E = 2, 4, 6} and 4. um Pune a vw" 
© = {1,3,5} have no outcome in common. E s P е. ve ] n 
Now we are ready to define the concept of probability of 4 У 4 

ап ever 


ТАШ — Probability of an event 


Let E be an event in à sample space 5 in which all the outcomes are equally likely to occur. 
Then the probability of event E is D-M, where n(E) is the number of outcomes in 


event E and a(t) is the number of outcomes in the sample space 5. 


ESSA А coin is tossed, What fs the probability of ob- 


taining а tail? 


Solution The sample space for this experiment is (Н, Т} 
and the event is (ТЬ, so n($) = 2 and m(E) = 1. 


So the desired probability is (E) - ЖЕ) -1 


п(5) 2' 
A} | roll a die. What is the probability that the 
number rolled is odd? 
i | т > * 
Solution The sample space is § = (1, 2, 3, 4, 5, 6] and the a” 
event that the number is odd is E = {1, 3, 5). Lf 
So the probability is ND- 9-2-5 


BETTI 44 A coin is tossed three times. What is the 


probability of getting only one head? 


Solution The sample space is 
= (HHH, HHT, HTH, HTT, ТЫН, THT, ТТН, ТТТ} and the desired event is 
E -(HTT, THT, ТТН}, So the probability is P(E) = à 
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| EXAMPLE [P] The integers 1 through 15 are written on separate cards. You are asked to pick a card at 


Solution 


Remark 


| EXAMPLE 7 ($ child is throwing darts at the board shown 


Solution 


random. What is the probability that vou pick a prime number? 
There are fifteen numbers in the sample space. The primes in the set are 2, 3, 5, 7, 11 and 


s 
13. So the desired probability is = = 4 


Since the number of outcomes in an event is always less than or equal to the number of 
outcomes in the sample space, m is always less than or equal to 1. 
ш 


Also, the smallest possible number of outcomes in an event is zero. So the smallest possible 
| „„ ME) 0 
probability ratio is ———=—=й- 
m(S) n(S) 


In conclusion, the probability of an event always lies between 0 and 1, i.e. 0 s P(E) < 1. 


in the figure. The radii of the circles on the 
board are 3 em, 6 em and 9 cm respectively 
What is the probability that the child's dart 
lands in the red circle, given that it hits the 
beard? 


We know from geometry that the area of a circle with radius r is zr". Hence the area of the red 
circle is 13? = Ох em! and the area of the pentire board is 19° = 817 сп. 
We can consider the area ofeach region as the number of outcomes in the related event. 


So ihe probability that the dari landa in the red circle ls red) - "ED .. “1 


— = =, 


a(board) “Ble 9 

As the probability of an event gets closer to 1, the event is more likely to occur. As it gets 
closer to zero, the event is less likely to occur. In the previous example, the probability is close 
to zero so the event is not very likely, However, note that : does not tell us anything about 
what will actually happen as the child is throwing the darts. The child will not necessarily hit 
the red circle once every nine darts. He might hit it three times with nine darts, or nat at all. 
But if the child played for а long time and we looked at the ratio of the red hits, to the other 
hits we would find that it is close to > 
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Definition 2 


certain event, impossible event 


An event whose probability is 1 is called a certain event. An event whose probability is zero ts 
called an impossible event. 


A A student rolls а die. What is the probability of each event? 


a. the number rolled is less than 8 | 
b. the number rolled is 9 


| 
Solution The sample space is 5 = {1, 3, 3, 4, 5, 6}. | | 


48 А small child randomly presses all the switches in the 


Solution 


a. We can see that every number in the sample space is less than 8. 
So the eventis E = (1,2,3,4,5, 8). | 


Therefore the probability that the number is less than 8 is 
KE) =с=! which means the event is a certain event. 


b. Since it is not possible to roll a 9 with a single die, the event is an 


empty set (E = Ø). So the probability is PE)» 2-0, which 


means the event is an impossible event. 


circuit shown opposite. What is the probability that the 
bulb lights? 


Each switch can be either open or closed. Let us write O to 
mean an open switch and C to mean a dosed switch. Then 
the sample space contains 2 - 2 2 = 8 outcomes, namely 


10,0,0,, 0,0,C,, QC, C,, O,C,0,, C,0,0;, GOC C,0,, GGC). 
The bulb only lights when all the switches are closed. So the desired probability is 5 
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49 Іпа game, a player bets on a number from 2 to 12 and rolls two dice. IE the sum of the spats 


Solution 


on the dice is the number he guessed, he wins the game. Which number would you advise 
the player to bet on? Why? 


There is no difference between rolling a die twice and rolling two dite 
together Let us make a table of the possible outcomes of rolling the 


dice: 
ORARBH 


0,0 1,2) 1,3) (1,4) й, 9 


D 1) 2,2) (2,9) 4. 
n. 103,2) a, 33. 0) 


4.9/4.9 4.94, 


=] 


Ренье iT} 


1 22 45 ЕТ & 5 101[1@ 


We can see that there are six ways of rolling 7 with two dice. This is the most frequent 
outcome of the game, so the player should bet on 7. As there are 6 - 6 = 36 outcomes in the 
sample space, the probability of rolling 7 is FEE , which is the highest probability in the 


game. 


Check Yourself 

1. Afamily with three children is selected from a population and the genders (male or female) 
of the children are written in order, from oldest to youngest. [If M represents a male child 
and F represents а female child, write the sample space for this experiment. 

2. Astudent rolls a die which has one white face, two red faces and three blue faces. What is 
the probability that the tep face is blue? 

3. Two dice are rolled together. What is the probability of obtaining a sum less than Б? 

4. A box contains 15 light bulbs, 4 of which are defective. A bulb is selected at random, What 
is the probability that it is not defective? 

5. Three dice are rolled together, What is the probability of rolling à sum of 157 

Answers 

П п 


1. 4MMM, MMF, МЕМ, FMM, MFE, FMF, РЕМ, FFF} 2. 1 gh gg og 
2 18 15 108 
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Em 50 


Solution 


Ex 5 


Solution 


In this section we will learn some rules of probability which are frequently used for solving 
problems, 

rules of probability 

1. For every event E, 0 s P(E) <1, 

2, For a sample space $, P(S) = 1. 

3. For two mutually exclusive events A and B, РОА à E} = РА} + PUB), 

4. For any two events A and В, P(A В) = P(A) + РВ) - РКА P B). 

5. For any event A, P(A) AAN = 1. In other words, P(A’) = 1 - PAD. 

Note 

Many problems in probability are written in natural language. The key word for recognizing 
the union operation (Ыл in à written problem is ‘or’, When we use the word ‘or (A or В) in 
mathematics, we mean А or B or both. 

The key word for recognizing the intersection operation (г) in a written problem is ‘and’. 
When we use the word ‘and’ (A and B) in mathematics, we mean both Л and В, 


A die is rolled. Find the probahility that it shows 3 or 5. 


Let T mean the die shows 3 and F mean the die shows $. Then '3 or 5° means T o F, 


Since T and F are mutually exclusive events, bv the rules of probability we can write 
PIT o Fy = PCT) + РР) 


1543 :1 ica 4 
-—L—2-—. 4 — 
6 6 3 So the probability is 3 


А die is rolled. Find the probability that it shows an even number or a prime number. 


The possible prime numbers are 2, 3 and 5 and the even numbers are 2, 4 and 6. Showing an 
even number (E) or a prime number (P) are not mutually exclusive events, since the 
outcome is in both events, 


Since M). MENP)=— 
So the probability of E or P is (EWP) = Р(Еу+ (P) - NE P) 
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| EXAMPLE 52 


Solution 1 


Solution 2 


E 53 


Solution 


Em 54 


Solution 


An urn contains five blue marbles, four red marbles and six yellow marbles, We want 10 take 
one marble from the urn. What is the probability of taking a red or a yellow marble? 


Since à marble cannot be both red and yellow, drawing a red © a 
marble and drawing a yellow marble are mutually exclusive events. ei e 


So the probability is (A e o 

4 б 10 2 
PRY) = BERRY) ET T e e e © 
We can also solve the problem in another way, Let E be ihe event 
that a red or yellow marble is drawn. Then the complement of (A e e i 
E (written E") is the event that neither a red nor a yellow marble is 
drawn. In other words, E” is the event that a blue marble is drawn. 


We also know that E). NEY =1. 
dread 
shemale 


So the probability of drawing a red or yellow marble is P(E) e 1- RE) 21- — =— - 5 


We have twenty cards numbered from 1 to 20. A card is drawn at random. What is the 
probability of drawing an even number or a number divisible by 3? 

Let the event that an even number is drawn be E = (2, 4, 5, 8, 10, 12, 14, 16, 18, 20} and the 
event that a number divisible by 3 is drawn be T = (3, 6, 8, 12, 15, 18). We can see that 
EmT = {6, 12, 18}. 


m 10,8 3 B 
So we can write LEG T) = AEN RT) - NEnT) ET m É 


À coin is tossed four times. What is the probability that the coin shows tails at least once? 


The sample space contains 2* 2 16 outcomes. If E is the event that we 
get tails at least once then E' is the event that we get no tails. In other 


words, E" is the event that we get heads three times (can vou see why?) © 

Since there is only one t to do this, RE)- c. ects 
So РСЕ) = 1- KE) =1 -E de 

We can check this result with the sample space: 

5 = {НННН, HHHT, HHTH, HTHH. THHH, HHTT, НТНТ, ТННТ, TTRH, HTTH, THTH, 
HITT, THTT, ТТНТ, TTTH, ТТТТҮ. 
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| EXAMPLE | 55 A group of B people is selected at random. What is the 


Solution 


probability that at least two of them have the same birthday? 


First let us assume that there are 365 days in а усаг Then the 
sample space for one person's birthday has 365 outcomes because 
there are 365 possible dates fora contains, Let the desired event be A. 
Then A' is ihe event that none of these six people have a common 
birthday. 

бо А' contains 365 - 364 363 . 362 - 361 . 360 outcomes. 


Let E be the sample space for the experiment. Then E contains 365° possible outcomes, be- 
cause there are six people, 


m(A) , 365-304-363-362-36]-360 
» Е =) ——————— ———— рүү 0 
So the probability of A is n(E) 355 


Check Yourself 


L Adie is rolled, What is the probability that the die shows a number greater than 3 or an 
even number? 


2, A number is drawn at random from the set. A= (1, 2, 3, ... 100}. 
à. What is the probability that the number is divisible by both 2 and 3? 
b. What is the probability that the number is divisible by 2 or 3? 


Answers 
L 2 2.8. A b. LU 
3 25 100 
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bo 


єз 


An um contains 5 red, 3 yellow and 6 white 
marbles. We draw a marble from the urn at 
random. What is the probability of drawing a red 


or а yellow marhle? 


‚ Ап um contains 3 black, 4 red and 2 blue 


marbles. What is the probability that a marble 
drawn at random is not blue? 


_ A fair die is rolled. What is the probability of rolling 


ап even number or a prime number? 


4. A fair die is rolled. What is the probability of rolling 


a number which is less than 5 or greater than 2? 


5. You draw a card from а well-shulfled deck of 52 
cards, What is the probability of drawing a king or 
à queen? 


B. Two dice are rolled. What is the probability of oh- 
laining a sum of 6 ar 10? 


T. А hag contains 4 red balls, 3 yellow balls, 5 green 
halls and 2 black balls. Find the probability that a 
ball drawn at random is neither black nor red. 
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E МАГ СЫ 8 


A. BASIC CONCEPTS 


Three car dealers each sell three models of a car. The table below shows the number at cars 


each dealer sold in a given month. 


Deiri Dealer 2 бей 


Model A 5 7 4 
EUMME , ; 
мас) 2 о i 


We can organize data like this in а matrix. The matrix for our car dealer data is 
D, D, D, 
Mole | 5 7 4 
ÁsMwdB|3 4 9 |. 
Meldc|2 D 1 


( б ( $ ( Two large square brackets contain the numbers in the matrix. This matrix has three rows and 

The plural form af reatrix | three columns. 

[в matrices nraneunced 

'meær-irihaeg', 2 

The column |3 | represents the cars sold by the first dealer. The mw {5 7 4| represents all 
2 

the model А cars sold by the three dealers. 

Matrices give us an effective way of organizing and manipulating data in different problems. 

We can begin our study of matrices with a more formal definition. 


matrix 


A matrix is a rectangular arrangement of numbers in rows and columns. 


Т йз 
a, y ig 
a, Ts 
ay, NT 
z columns 
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The horizontal lines of numbers in a matrix are called rows and the vertical lines are called 
columns. The number of rows and the number of columns determine the dimensions (also called 
the order) of the matrix. A matrix with m rows and s columns has dimersions m X n and is called 
an її X s (read as 'm by п”) matrix. Notice that the number of rows is always given first. 

Each number in a matrix is called an entry of the matrix. аң means the entry in the ith row 
and jth column af the matrix A. 


m xm $ endum 
' ' 1? 
rows X columns 2594 |*— 
А= drows — Matrix A is a 2 x 3 (‘two by three’) matrix. 
630 
0] 3 
Fi x йе 204 13 is the entry in the first row 
1 Write the dimensions of each real matrix. 
0.5 2041 


ceee j b Bele ig c C=|2 до 


|! M each enis af 3 matrix 
| ià a real number then the 
| malrix le called а real ma- 


| trix. 
Solution а, [45,5 isa 2x2 matrix b. [B] зіва 1х3 matrix 
¢ 2- e E f c. [Clay] isa. 3x1 matrix d. [зухд isa 3x4 matrix 


voie dcs irum 


A=|5 9 0 7 | is given. Write each matrix entry 


Eng bee 


à. 03] h. a93 С. 034 d. 33 


Solution a. | b. 0 е. 9 d. 8 
3 0 5 
3 Given A= B1 3 |, ind 2413 - 388 = tagg, 
9 


x 
addio: We have а, 25, ap 2 3 anda, 7. so the expression becomes 
(2:5) -348) -(4-5)=10-9-6=-5. 
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В. TYPES OF MATRICES 


1, Square Matrix 
P hn f A. square matrix is a matrix which has the same number of rows and columns. 
ceecee е 


> ШЧ та poke [2]. k d and [0 0 Qfare all square matrices. We say that a square matrix has order m if 
called a row matrix 0 6 0 
Likewise, a column 


it has n rows and п columns. 


1 
matriz such es | | his 

4 
pay one calum, 


2. Zero Matrix 


A zero matrix is a matrix whose entries are all zeros. We write 0 to mean а zero matrix. 


0 0 ооо | | 
(Ol, ME l ( p | atn matrices: 


3. Identity Matrix 
( e C C e A square matrix whose main diagonal elements (from top left to bottom right) are 1 and whose 
The main diagonal of a other entries are all zero is called an identity matrix. We write I io mean the identity matrix. 
ышт matrix always 100 


0 
runs from top left to bat- | [1]. t Baala po are all identity matrices. вза an identity matrix. 
Lam right. 0 1 0 0 ] 1 0 


NI 


watt diagoo | 4. Diagonal Matrix 
A square matrix in which all the entries except the main diagonal entries are zero is called a 
diagonal matrix. 
a0 [^ 
апі |0 5 0 are diagonal matrices. 
f Ч 000 | 


5. 5са!аг Маїгїх 
A square matrix whose main diagonal elements are all equal (аур = 433 = agg = ...) and 
whose other entries are all zero is called a scalar matrix. 


TET 700 
a. А H апа |0 7 0| are all scalar matrices. 
| 007 


Notice that a scalar matrix is a type of diagonal matrix. 
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Answers 
1, à 3 x 1, column matrix b. 3 x 3, square matrix, diagonal matrix, scalar matrix 
c, 4 X 4, square matrix 


2. дуд = 8,099 = 3, а34 = 1 


С. EQUAL MATRICES 


Definition 


entries are all equal. We write A = B to mean that two matrices A and B are equal. 
1 

Notice that [1 2 3) 2| 2|, because these matrices do not have the same dimension: 
3 

(1x3) 2 (3x1). 


4 Find a1. 13, 13; and dog in the matrix equation. 


i ella d 


Solution Since the two matrices are equal, their corresponding entries are equal, and so 
81] = 2, aa = -1, 
йор 2-4, dog = 0). 


PR c Hh А is given. Find x, y and г. 


ENHS |>. 


Solution Since the two matrices are equal, their corresponding entries are equal. So 
х+у=2 {1} 
i-322x43y x*4y-0. (2) 


Solving (1) and (2) for x and y gives us к=, y= 
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О. OPERATIONS ON MATRICES 
1, Matrix Addition 


Although we can always add two real numbers together, we cannot always add two matrices, 
In fact, we can only perform matrix addition on matrices with equal dimensions. To add or 
subtract two matrices A and В, we simply add or subtract corresponding entries. 

A + B 


к. 
зе уй + (b + f) 
Ё | f { 6 +g) (4 + ij 


a0 4 421 1 5 з ; : 
A-| З ILI 3 1 nac=); o | ae en. Wiehe mati, 


a, A+B b. A-B c ATC 


DC 6 


Solution a. Since the matrices have the same dimensions, we can add them. 

5 0 НА 122 1 _|5+2 042 4+1 7 2 5 
3 J -l Hs 37 (245 343 -147| 766 

b. Since the matrices have the same dimensions, we can subtract them. 
5 0 4| |2 2 1]_|5-2 0-2 i4. 1-2 3 
* 3 -t| |5 3 7] |2-85 3-3 -1-7| |3 0 - 
Notice that A- B ~ B — A. 

e, A+ C is undefined, since A and B have different dimenskons. 


EXAMPLE 7 Find each matrix sum or difference. 


"ааа ч 


sonon * la За allo of БҮР 
ath alsa 
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"лие 8 


Solution 


EXAMPLE 9 


Solution 


2. Multiplying a Matrix and a Scalar 
In matrix algebra, а real number is often called a scalar. To multiply a matrix by a scalar, we 
multiply each entry in the matrix by the scalar. This operation is called scalar multiplication. 


Ф 


12 4 2 0 0] 

The matrices A=|-3 0-1 and B=] 1 -4 3) are given. Perform the matrix operations. 
21 9 |1 42 

а. 34 b. -B c 34-8 


12 4 51 $2 34 3 6 12 
à 34-3]-3. 0 -1|2 3.03) 3-20 3-05 -8 0 -3 
[9.1 i9 31 $29 |83 6 
b. B-Cl) 1 4 if Aux. 
123 2h o pg 16 12 
30-344 4 -3|=|-10 4—6 


be 


c. $A-B=3A4(-B)= 


А : 3 9:2] [-3 5 0 18 
Solve the matrix equation for x and y, | = 
a : Al Pa {| l i 


Simplify the left side of the equation: 
3 2x| |-3 5 О 18 
2 + = 
ШЕРИ 
9 4-3 2x45| [0 18 
6-3 4+3 | |6 14 


0 1х +10] 0 18 
12-Gy 14 | E 1f 


Equate corresponding entries and solve the two resulting equations: 


dy + 10 218 12-64 = 6 
4x = В by = 6 
х=? у= 1. 
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Check Yourself | 
Given the matrices i 5 jana 1 1 4 Bind 


4 3 -1 5 of 
a. A. b, 24-38. с. 5A +8. 
Answers 
6 1-4 y [9 4 2 [nas 
[2233 Lt =F 8] [9 25 15 


3. Matrix Multiplication 


it is important to check the dimensions of two matrices before we start to multiply them. If 
matrix A has dimension m X п and matrix B has dimension p X q, then the product AB only 
exists ifn = p. Furthermore, the product will have dimension m х q. 


WA ds am iu хо» кшк 
and Ё isan к х p matrix 
then the produci AB is an 
m x p mairie 


A - B=AB 


mxr Xp mp 


| mM | 


erc ndn id A 


| 
We obtain each entry in the matrix AB (the product of A and E) from a row of A and a column 
of B as follows: multiply the entries in the ith row of A by the entries in the jth column of B 


and add the results to get aj; in AB. 
Mh column of B 
ith row of A mg = (Dore ir mm IT 
] 
1 3 3 4 |=] 17 
2 
21-4 epa 
10 a-l MEL -3 0 G| aregiven. Find the products. 
$ L 3 j 
324 
a AB b. ВА 
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Solution a. The product AB is defined because A has dimension @ х 3 and B has dimension 3 х 3. 
Moreover, the product AB will have dimension 2 х 3. Look at the procedure for calculating 
the product: 


1-15 
Ist row, 181 column F | p 9 0 se^ | 
Àj 2 4 


D(H +10 +{-2):2 = -6 | 
1-1 5] 
Loud 
sel | | 
4| 


Ist row, 2nd column p 


— 
| 
Bo 
ре 
p 
e 


| 1.5410462324-85 | 
-1 5 


1 
Ist row, 3rd column : | 3l 3 n se * j 
al n 1 9 4l 
l -l 5] 
2nd row, Ist column [ sl -à 0 6|= Йй "9 a 
з 24 


8| 
2nd row, 2nd column 21 “211 9 0 "Nn 4s 
7L 4| lü 7 


] -1 8| 

2nd row, 3rd column E 2115 0 l= 9878 

ч |. Ж 194 16 7 41 
КЕТ 
е Do eS 

| 1-1 5 

2] -3 H б 8 

So the product is 2 0 6]= Я 

eps | d db b 7 i 


b. Since the dimensions of Hl and A are 2 X 2 and 3 x 2 respectively, the product BA is noc 
defined. This shows us that matrix multiplication is not always commutative: AB = BA. 
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Find the products, 
- 242 | 
[ 0 i in h. F slo | к | 1 | 
2 -] 2 -3 5|0 1 1 if} l-l 
Il 1-1 
Answers 


-1 7 


11 Given the mations А=| J мв. 


‚ show that АВ # ВА. 


Solution Using the definition of the product of two matrices, we get 
0 T 7] 0.CI)43-9 0-7434 Hi A 


mel | 624 14 10 


~|(-2)-()4+6-2 C2)T46-4|- 


Mans ian Бн m-f I ee аги 4l 


26 2-044.(-2) 2-3+4-6 -8 M 


in general отпа ие: 
AB = BA, 


2 4 
Thus AB + BA. 


12 The following table shows the probabilities ofa taxi ride ending at each of three destinations 
for taxis traveling among three sections of a city For example, the probability of picking up 
a rider southside and dropping him off downtown is 30%, 


_ "Y 
1 UR f 
[i ПЕ Г 
А], Thr 
mes zh NE С Downtown | 


‘Northside ELI E 305 
Downtown 10% Ai 50% 
Southside 5 E 4% 


What is the probability of starting downtown and being downtown again ай ег two taxi rides? 
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Solution Let us represent the information we are given іп а matrix 
N D 8 
№о5 02 03 
30.1 0.4 05 |=Р. 
5102 03 04 


05 02 03 |05 02 03| [0.36 027 0.37 
Then Р 2P.P-2|01 04 0.5 |01 0.4 0,5|2|024 0.33 0.43 

03 03 04103 0.3 04 03 03 04 
The second calumn of the piduci matrix shows ihe probalikty of ending up downtown 
after two tr ps, given the original starting point of either №, Dor 5. The Downtown to Down 
town probability is in the middle: 0.33, or 33%, 
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Given xel | ver-] ООО 


—] 


EXZH 13 
wel? "po npeeonr 21049] [0 2 
Solution 1 -j3 -3| [1040-2 ree] [2 4 
2 0| [orma oorh] [1-1 
| 1| |2-94+¢3)-1 2-0C3CD| |1 3 
2 0| [23401 20404-)] [4 0 
1 À| |E-24CD- 1204 CD-CI) 


Do 5 p oora 044103) ees 
о 3| |9.0£C3)2 9.14C3)-C3)] |-6 11 


Ezzg 14 + 7-7 7] 


а 


Solution First expand the left-hand side: 


ЕН 


Now equate corresponding entries: 
16-2 =-] 
17 


x £417. This is the solution. 


Check Yourself 
1, UR = саш Ld Ime 
а. | | | bh | 1 1 З 
es 1 1-12 
2 03 
2 Given|l 0 1| find A* and A". 
0330 


3. Given the function fix) = x* - 5x + 21 where Lis the identity matrix, 


ü 
calculate f(A) for A : M 


— 9 4 6 6 14 12 18 
na | m һ|6| 2$ А%=|% 9 3|А*=|6 6 8 a | 
202 


4 4 б 
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E- DETERMI NANT 


This formula is one you should memorize: To obtain the determinant of a 2 by 2 matrix, subtract the prod- 
uct of the offdiagonal entries from the product of the diagonal entries: 


Zh MEN b] 
LT 1 %3 
To illustrate, 

12 
|, Joe 


= 2184 7 0,0 


Using the notation for these permutations given in Example 1, as well as the evaluation of their signs in Ex- 
ample 3, the sum above becomes 


det A = (13а ааз, i (-1)а,а„а„ 
+(-1)а,,а„а»‚ + (+1)а,,а„а,, 


+(+1)а;азаз, + (+1)а,;а„а,, 


or, more simply, 
det A = ааа, + аааз 


(9) 
T8,525,24; - аа; - 8525,85, 


As you can see, there is quite a bit of work involved in computing a determinant of an n by n matrix directly 
from definition (*), particularly for large n. In applying the definition to evaluate the determinant of a 7 by 7 
matrix, for example, the sum (*) would contain more than five thousand terms. This is why no one ever actu- 
ally evaluates a determinant by this laborious method. 

A simple way to produce the expansion (**) for the determinant of a 3 by 3 matrix is first to copy the first and 
second columns and place them after the matrix as follows: 


аара; 
А= 35185585; 
85,8558, 


Em а; а; а а; 
а а 95; а а, 
a3) аз азз а а 


Then, multiply down along the three diagonals that start with the first row of the original matrix, апа mul- 
tiply up along the three diagonals tha start with the bottom row of the original matrix. Keep the signs of the 
three “down” products, reverse the signs of the three “up” products, and add all six resulting terms; this gives 
(**) Note: This method works only for 3 by 3 matrices. 


reverse the signs of these products 


keep the signs of these products 
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F- GRAMER' S RULE 


Cramers Rule 

Consider the general 2 by 2 linear system 
а Ха, у=, 

а, Ха, у=, 


Multiplying the first equation by а 22, the second by — à 12, and adding the results eliminates y and permits 
evaluation of x: 


аца, X + а, ay y= a5 b, 
таа X- аа Yr а b, 


X (ai; а-а à) = ay) b, та b, 
а, Е anb, 


81857 а„а„ 
assuming that à 11a 22 = а 12 21 #0, Similarly, multiplying the first equation by = а 21, the second by a 11, 
and adding the results eliminates x and determines y: 


-аа„Х- аа у= - a,b; 
аца Х+аца,, у= ay Ь, 


y (аца, - а а) = a,b, та b, 
a, b, Е а, 


аа - 4585 


again assuming that a 11 а22 —a 12a 21 s 0. These expressions for x and y can be written in terms of deter- 
minants as follows: 


b, а 
a,b, а b, b, 25 
3,857 аа, а 85 

а а 

апа 

ay Ь, 
а b, 785 b, а, Ь, 
аа - аа а 85 

а 85 


If the original system is written in matrix form, 


а а X b, 
а а» z y Е Ь, 


then the denominators in the above expressions for the unknowns х and y are both equal to the determinant 
af the coeficient matrix. Furthermore, the numerator in the expression for the first unknown, х, is equal to 
the determinant of the matrix that results when the first column of the coefficient matrix is replaced by the 
column of constants, and the numerator in the expression for the second unknown, у, is equal to the determi- 
nant of the matrix that results when the second column of the coefficient matrix is replaced by the column of 
constants. This is Cramers Rule for a 2 by 2 linear system. 

Extending the pattern toa 3 by 3 linear system, 


а ар а; » b, 
а а» 85 J b, 
аз аз аз; Z b, 
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Cramer's Rule says that if the determinant of the cocfficient matrix is nonzero, then expressions for the wn- 
knowns x, y, and z take on the following form: 


b, а а; а b, а; ац а; b, 
b, а 25; а b, 25 а а, Ь, 
b, аз a33 а b, 93 Z аз аз b, 
y= “| ye Cs Ze »M 
au а а; а а, а; ац 25 а; 
а; а а; а; а 25 а; а 25 
аз; аз a33 аз; аз 93 аз; аз 93 


The general form of Cramers Rule reads as follows: A system of n linear equations in n unknowns, written in 
matrix form A x - bas 


а 85 aia Xi b, 
ccoo b 
& 85 а X2 2 
a a a 
ni nm m, X bn 


will have a unique solution if det A = 0, and in this case, the value of the unknown x j is given by the expres- 
sion 
_ det A, 

Ar det A 

Examplel: 

Finde the solution of the linear equation: 

2х -3y= -4 ‚ Эх+у=2 

solution: 


| 4412 16 
det 2 23 249 N 
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Example2: 

Finde the solution of the linear equation: 
X+ Зу -z=1 

2x +2у +2 = 0 

3x ty +22 = -1 

solution: we finde the det of variables 


det= |2 2 1 [24 
> E 4 
-1 
detx2 |0 2 1 |=-2 
В| 2 
m 
dety= |2 0 1 |=2 
3 -1 2 
1 3 1 
detz= |2 2 0 |=0 
3 1 -1 
detx -2 -1 
х= ——=[—— 
det 4 2 
det 2 1 
y= y = ммм» — — — —À 
det 4 2 
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D. Operations on Matrices 6. Solve the matrix equations for a, b, e and d. 


1. Calculate A + B, A- B, 24 and 24 — E for each pair a-b @hee] [5 1 

of matrices. | |з p "i k ] 
їі ӯ н. = ath bc ü 3 

" | | " | » И e b-a - | 


1 4 
| В=|-1 5 7. Calculate AB in each case. 
ü 


Ee 1-1 7 112 
SEL j As|2 -1 8| 822 11 
Й 1 12 1 33 
2 
e. A=B 2 1LB-|3 
3. Find саз and сао If C = 24 + 58, Ü 
4 11 -9 12-7 
А=| 0 3 2| and B=|4 6 11|, 
Ş x 1 -à 4 9 


4. Solve the matrix equation for a, b and c. 
jJ ЕЁ |; : 
c -lij |«1 [5 -a 


5. Find E, m and nif 


HERR 


i 
m kI 
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[E 


Я. Calculate AB in cach case. 


-1 0 
a. T |n В=|ї 0 2 
-1 7 

и -1 0 


А =|4 не nuls 
8 -17 1 


-1 3 


‚ [12 
с. As! 4 + sh a) 3 


1 0 ü 0| 
Ай=|й 4 ili Er 
00 -3 ü 5 


0 0 5 B -H 4 | 
А=|0 0 -3,В=|в 16 4 =] ү 87112 
00 7 п оо 6 


er 


еъ. 


m 


E - Determinant: 


9.Find the det. 
5 4 7 13 к. 306 
i) 6 її) 7 iii) |1 0 1 iv) |4 0 7 
5 0 1 5 0 8 


Е - Gramer's Rule 


10. Finde the solution of the linear equation: by using Gramer's Rule 


i) 2x =3y +4 ii) 6L - 7K - 0 iii) -x + 3y 4 z- 0 
5у=-4х-1 4L+3K=0 Зх - 2y-z=1 
x+y+2z=0 
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